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ABSTRACT. Let G = (V, E) be a finite connected simple graph with vertex set V' and edge set E.
A signed Roman dominating function (SRDF) on a graph G is a function f : V' — {—1, 1, 2} that
satisfies two conditions: (i) ) ,cn(s) f(y) > 1 for each z € V, where the set Nlz] is the closed
neighborhood of z consisting of z and vertices of V' that are adjacent to z, and (ii) each vertex
z € V where f(z) = —1 is adjacent to at least one vertex y € V where f(y) = 2. The weight
of a SRDF is the sum of its function values over all vertices. The signed Roman domination
number of G, denoted by vsr(G), is the minimum weight of a SRDF on G. In this paper, we
investigate the signed Roman domination number of the Ladder graph LG, the circular Ladder
graph CL,, and their complements.

1. INTRODUCTION

Let G = (V(G), E(G)) be a connected graph of order n = |V(G)| and size m = |E(G)|. In
this paper, only (non trivial) simple graphs, i.e., finite, undirected graphs without loops or
multiple edges are considered. When u is a vertex of G, then the open neighbourhood of
uw in G is the set Ng(u) = {v : {u,v} € E(G)} and the closed neighbourhood of u in G is
the set Ng[u] = Ng(u) U {u}. The degree of vertex u is the number of edges adjacent to u
and is denoted by degg(u). A graph is said to be regular if all of its vertices have the same
degree. The minimum degree and the maximum degree of G are denoted by §(G) and A(G),
respectively. A graph is called k-regular if each vertex of the graph has degree k. We write
K, for the complete graph of order n, P, for the path graph of order n and C,, for a cycle
of length n. The complement of a graph G = (V, E) is a graph G¢ = (V, E®) with the same
vertex set V with two vertices uv € E€ if and only if {u,v} ¢ E, for all pairs u #v € V.

A set D C V(G) is called a dominating set of G if each vertex outside D has at least one
neighbour in D. The minimum cardinality of a dominating set of G is the domination number
of G and is denoted by 7(G). For example, the domination numbers of the n-vertex complete

graph, path, and cycle are given by v(K,) = 1,7(P,) = ﬁﬂ and v(C,) = Kﬂ, respectively

(see [HHS98]). Domination is a rapidly developing area of research in graph theory, and has
various applications to several other practical areas. The concept of domination has existed
and was studied for a long time and early discussions on the topic can be found in the works
of Ore [Ore62] and Berge [Ber73]. Garey and Johnson [GJ79] have shown that determining
the domination number of an arbitrary graph is an NP-complete problem.

The domination number can be defined equivalently by means of a function, which can be con-
sidered as a characteristic function of a dominating set (see [HHS98]). A function f : V(G) —
{0,1} is called a domination function on G if for each vertex u € V(G), Xyengr) f(v) > 1.
The value w(f) = Y,cv(a) f(w) is called the weight of f. Now, the domination number of G
can be defined as

Y(G) = min{w(f) : f is a domination function of G}.

2020 Mathematics Subject Classification. 05C69, 05C78, 90C27.
Key words and phrases. Signed Roman Domination number, Domination function.
1



2 DILBAK HAJE, DELBRIN AHMED, HASSAN IZANLOO, AND MANJIL SAIKIA

Analogously, we define a signed domination function of G to be a labelling of the vertices
of G with +1 and —1 such that the closed neighbourhood of each vertex contains more +1’s
than —1’s. The signed domination number of G is the minimum value of the sum of vertex
labels that is taken over all signed domination function of G. In this paper, we concentrate
on a related function, called the signed Roman domination function, which we define now.

Definition 1. Let G = (V, E) be a graph. A signed Roman domination function (SRDF)
on the graph G is a function f : V(G) — {—1, 1, 2} which satisfies the following conditions:

(i) For each u € V(G), Zyengp f(v) > 1, and

(ii) BEach vertex w for which f(u) = —1 is adjacent to at least one vertex v for which
f(v) =2.

The value f(V) = Y,cv(g) f(u) is called the weight of the function f and is denoted by w(f).
The signed Roman domination number of G, vsr(G), is the minimum weight of a SRDF on
G.

The concept of a SRDF was introduced by Ahangar et al. [AAHL"14]. They described the
usefulness of these concepts in various applicable areas (see [AAHL™14], [HHO3] and [Ste99]
for more details). It is obvious that for every graph G of order n we have ysz(G) < n, because
assigning +1 to each vertex yields a SRDF. In [AAHL"14] Ahangar et al. presented various
lower and upper bounds on the signed Roman domination number of a graph in terms of its
order, size and vertex degrees. For instance, they showed that for a graph G with n vertices,

we have
—2A%2 4+ 2A6+ A +206+3

1.1 G) >

(1.1) Vsk( )—< (A+1)(2A+6+3) >

Moreover, they also showed that if G is a graph with n vertices and m edges with no isolated
vertex, then we have
3n —4m

(1.2) 158(G) 2 ——

They investigated the relation between ysr and some other graphical parameters, and the

signed Roman domination number of some special bipartite graphs. It is proved in [AAHL " 14]

2n

2
that 'YSR(Kn) =1 for each n 75 3, 'YSR(KB) = 2;75R(Cn) = "3-‘ ;’YSR(Pn) = {:J, and that

the only n-vertex graph G with ysg(G) = n is the empty graph K,.

Note that each SRDF f of G is uniquely determined by the ordered partition (V_q, V3, V3)
of V(G), where V; = {u € V(G) : f(u) = 1} for each ¢ € {—1,+1,2}. Specially, w(f) =
2|Va| + |V1| — |[V_4|. For simplicity, we usually write f = (V_q, V1, V5) and, when U C V(G) we
denote the sum >,y f(u) by f(U). If w(f) = vsr(G), then f is called a ysr(G)-function (also
known as an optimal SRDF') on G. There have been several follow up work on SRDF's after
the work of Ahangar et al. [AAHL"14]. For instance, Behtoei, Vatandoost and Azizi [BVA16]
studied the signed Roman domination number of the join of graphs, and determined its value
for the join of cycles, wheels, fans, and friendship graphs; while, Hong et. al. [HYZZ20]
determined its value spider graphs and double star graphs.

In this paper, we investigate the signed Roman domination number of the Ladder graph
LG, Circular Ladder graph LC,, and their complement graphs LGS and LCC. The paper is
arranged as follows: in Section 2 we evaluate the signed Roman domination number for LG,
and its complement, in Section 3 we evaluate the signhed Roman domination number for LC,
and its complement, we end the paper with some concluding remarks in Section 4.
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2. SIGNED ROMAN DOMINATION NUMBER FOR LADDER GRAPHS LG, AND ITS COMPLEMENT

A Cartesian product of two graphs G; and G, is the graph G; X G5 with the vertex set
V(G1) XV(G2) in which two vertices (u;,v:) and (uz, ) are adjacent in G; X G, if and only
if either u; = us and v,vs € E(G;) or v; = v; and ujus € E(G;). We are interested in the
following cartesian product in this section.

Definition 2. The Ladder graph of order 2n, denoted by LG,, is the Cartesian product of
two path graphs, one of which has only one edge. In other words LG, := P, X P,, where P,
is the path graph on n vertices.

Note, by the definition of LG,,, one can write
V(LG,) = {(1,7),(2,7)| 2 € [n]}, and
E(LGr) = {{(1,9),(2,9)} 1 <1 <njU{{(L,2),(La+ 1} {(2,2),(2, i+ 1)} 1 <e<n—1}.

For simplicity, we encode the vertices (1,) and (2,¢) with 1z and 27 for 1 = 1,2,...,n.

15 25

o0———o0

ldo—024 140—924

13 23

o——o0 130———023 130——023
12 22 120———0922 120————09292 120———09292

oO———oO oO———0 o——0
11 21 11 21 11 21 11 21
(a) LG2 (b) LG3 (C) LG4 (d) LG5

Ficure 1. Ladder graphs of orders 2, 3,4 and 5.

It is easy to observe that, for LG, we have
(i) |E(LG,)| = 3n — 2, and
(ii) LG, has four vertices of degree 2 and 2n — 4 vertices of degree 3.

We now proceed to find the signed Roman domination number for Ladder graphs.

Theorem 1. Let LG, be the Ladder graph of order 2n with n > 2. Then

n+2
rYSR(LGn) = \‘ J + 1.
From (1.1) we get a bound of
2n
LG,) > —.
Ysr( ) > 11

Proof of Theorem 1. For the graph LG, consider the function
f:V(LG,) —{-1,1,2}
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lo——o -1

lo——02 1lo———02
—l0—o01 —1¢——o0—1—-10—o0—1
2 1 20———o1] 20— o1 20————o1
o——0 o——o0 o———0
-1 1 —1 1 -1 1 -1 1
(a) LG2 (b) LG3 (C) LG4 (d) LG5

Ficurg 2. The SRDF for the Ladder graphs of order 2, 3,4 and 5.

given by
-1 ifv=(1,7),2>1and ¢ is odd, except wheni=n=1 (mod 4);
= (2, 1),1 > 3 and ¢ is odd, except when : =n =3 (mod 4);
f(v) =11 (2,1),v=(1,2) and 2 =0 (mod 4),v=(1,n)forn=1 (mod 4);

( 1)and 1 =2 (mod 4),v=(2,n) and n =2,3 (mod 4);

2 (1,7) and 1 =2 (mod 4),v =(2,7) and 2 =0 (mod 4).

By our construction, it is easy to see that f is a SRDF. Except for the (1,1),(2,1),(1,n) and
(2,n) vertices, every vertex with label 2 is adjacent to three vertices, two of which are labelled
—1 and one of them is labelled 1; every vertex with label —1 is adjacent to three vertices,
labelled 1,2 and —1; and, every vertex with label 1 is adjacent to three vertices, two of which
are labelled —1 and one of them is labelled 2. This establishes the conditions for the function
be a SRDF. By the construction of our labels, it is easy to verify the following properties:

|V_1| =n— ].,

V| = In/2] +1, if n is even,
) n/2] +2, ifnis odd,

vil = |5

From now on, we will use the following fact without commentary: for all n > 0, we have
{nJ _)n/2, if n is even,
2] |(n—1)/2, ifnisodd.

With this in hand, it is easy to see that the weight of the function f defined above is given by
n+ 2

2Val + Vil = Vo] = | "5 1.

n+2

Hence, we conclude that ysr(LG,) < { J +1, for all n > 2.

We write this explanation explicitly here, but from now on we will omit such an explanation as the next
cases are similar.
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We now want to show that this is the minimum weight. Assume that
g:V(LG,) — {-1,1,2}

is another arbitrary SRDF on LG,. By the construction of the Ladder graph there are 4
vertices of degree 2, namely, the vertices z = (1,1),y = (2,1),2 = (1,n), and w = (2,n).
Clearly it is not possible to have g(z) = g(y) = —1, as this would violate the first condition
in the definition of a SRDF. A similar argument also holds for the vertices z and w. So we
must have one of the following cases:

e g(z)=—1and g(y) =1or g(z) =1and g(y) = -1,

e 9(z) = 9(y) = 1,

e g(z) =1and g(y) =2 or g(z) =2 and g(y) =1,

e g(z) =—1and g(y) =2 or g(z) = 2 and ¢g(y) = —1, and
e 9(z) =9(y) =2

It is easy to check that following the greedy algorithm, each of the above cases leads to the
following inequalities:
|V71| S (n - 1)’

i > In/2] +1, if nis even,
~ ||n/2] +2, ifnisodd,

vl > |2,

Here by greedy algorithm, we mean a constructive step by step approach where we assign our
new label to a vertex by considering two key points: Firstly, the new label should comply
with the SRDF conditions, and secondly, we must select the minimum possible value from the
set {—1,1,2} with respect to the previous labeled vertices. This approach will be clearer by
doing an example:

Let’s consider the ladder graph LG¢. Following our recipe we have the following SRDF la-
belling:

-1 ifv=(1,%2),2>1and ¢ is odd, except wheni=n =1 (mod 4);
v =(2,1),7 > 3 and 1 is odd, except when : =n =3 (mod 4);
flv)=41 ifv=(2,1),v=(1,7)and4=0 (mod 4),v=(1,n)forn=1 (mod 4);
v=1(2,2)and 1 =2 (mod 4),v=(2,n) and n=2,3 (mod 4);
2 ifv=(l,7)andt=2 (mod 4),v=(2,2z)and1=0 (mod 4).

n-—+2 6+ 2
'YSR(LGﬁ):{ 5 J+1:{2J+1:5.
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Now, let’s assume another g : V(LGs) — {—1,1,2} where g(z) = g(y) = 1 we follow the
greedy algorithm for this case as an illustration.

Just keep in mind that we construct our labeling under greedy algorithm with respect to g in
such a way that in each step we keep the two SRDF conditions satisfied and that we choose the
minimum value for labeling our next vertices. Now we can assign ¢g(12) = —1 or g(22) = —1
but not both since it violates the first condition of an SRDF. So we can assign g(12) = —1
and ¢(22) = 1 to keep it minimum.

Now the only option for vertex 13 is g(13) = 2 since we already assigned g(12) = —1 and hence
the second condition of SRDF must be satisfied. To keep our new labeling minimum, we have
to assign ¢g(23) = 1. By following the same reasoning we can assign g(14) = g(24) = —1. For
the next step, we can not assign g(15) = —1 since it violate the first condition of SRDF for
vertex 14 with label g(14) = —1, so, to keep our g-labeling minimum we can put g(15) = 1
and for vertex 25, we must assign g(25) = 2 since g(24) = —1. Finally, for the vertices w and
z we can assign g(w) = —1 and g(z) = 2 to keep our labeling both valid and minimum with
respect to the previous labelling.

Now, we can see that
w(g) =6 >5=w(f).

This illustrate a greedy algorithm approach for the case where g(z) = g(y) = 1. The arguments
for the other cases are very similar.
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Consequently, we have

n+2
2

This completes the proof. O

w(g) = 2Va| + V| = Veal 2 | 255 | 41

Now, we turn our attention to the complement of the Ladder graph LGS and determine their
signed Roman domination number. As an illustration, the complement of LGS when n = 2
and 3 is shown in Figure 3 with ysp(LGS) = 2 and vsr(LGS) = 3.

-1 -1

-1 -1

FIGURE 3. SRDF for LGS and LGS.

Theorem 2. Let LGS be complement of the Ladder graph. Then, for all n > 4, we have

From (1.1), we get the bound of ysg(LGES) > 1 for n > 2.

Proof of Theorem 2. For the graph LG, consider the function
f:V(LGS) — {-1,1,2}
given by
-1 ifv=(12),2<:<n-1,v=(2,2) and v = (2,n — 1);
flv) =<1 if v=(2,7) with#2,n—1,
2 ifv=(11)and v = (1,n).
Clearly, f is a signed Roman domination function. By the construction of our labels, it is easy
to verify the following
Vil=n, [Vi|]=mn-2, and |W|=2.
Then, we have
Ysr(LGY) < 2[Vol + [Vi| — V4| = 2.
We now show that this is the minimum weight function. Let us assume that
g:V(LGY) - {-1,1,2}

is another arbitrary SRDF on LGS, where n > 4. By the construction of LGS, there are four
vertices of degree 2n — 3 and the other 2n — 4 internal vertices are of degree 2n — 4. Let the
four vertices that have degree 2n —3 be z = (1,1),y = (2,1),2 = (1,n), and w = (2, n).

Clearly g(z) = g(y) = 1 is not possible as this would violate the second condition of being
a SRDF, as we know g(1,7) = —1 for 2 < 72 < n — 1 in this case, otherwise we will get
w(g) > w(f). Similarly we can conclude that g(w) = g(z) = 1 is not possible.
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If g(y) = —1, since y is adjacent to all vertices v = (1,7) where 2 < ¢ < n and v = (2,¢) where
3<i<n,in LG, we have

n n

o) =Yg+ > 9(2,9)

vEN ocly] =2 i=1, 12
=(-1)n—-2)+2+1-(n-3)—-2<0.

This clearly violates the second condition for g being a SRDF. Similarly if g(2,7) = —1 for

3<i1<nandi#n-—1, we will get ZvENLGg[y]g(U) < 1, which also violates the second

condition for g being a SRDF. This completes the proof. OJ

3. SIGNED ROMAN DOMINATION NUMBER FOR LADDER GRAPHS CIRCULAR LADDER GRAPH
AND ITS COMPLEMENT

In this section we look at a different cartesian product of graphs, which we define below.

Definition 3. The circular Ladder graph of order 2n, denoted by LC,, is the Cartesian
product of a cycle graph C,,, n > 3 and an edge P,. In other words:

LCn = Cn X P2.

It is easy to check that LC, has 2n vertices and 3n edges. As an illustration, the circular
Ladder graphs of orders 3,4 and 5 are shown in Figure 4. For simplicity, we encode the vertices
(1,2) and (2,7) with 1z and 2z for 1 = 1,2,...,n.

Ezample 1. For LCs, the signed Roman domination number is equal to 4 (see Figure 4 (c)).

Theorem 3. Let LC, be the circular Ladder graph of the order 2n. Then, for all n >
3, n#5, we have

2
{ 5 J+1, 1fn=0,2,3 (mod 4),

N
+

’YSR(LCn) =
{ 5 2J +2, ifn=1 (mod 4).

N
+

From (1.1) we get a bound of
’YSR(LGn) Z

=13

Proof. For the circular Ladder graph LC,, n > 3 consider the function
f:v(Lc,) - {-1,1,2}

given by
-1, ifv=(1,7) for 2 > 1 and ¢ is odd; v = (2,7) for 2 > 3 and 7 is odd (2 # n).
, ifv=(21);v=(1,7)and+=0 (mod4);v=(2,2)and?=2 (mod 4);
f(v) = v=(2,n)and n =3 (mod 4)
2, ifv=(1,2)and2z=2 (mod 4);v=(2,2)and =0 (mod 4);

v=(2,n)and n =0,1 (mod 4).
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23
22¢ 023
12 13
11 14
11 12
21 22 21 ¢ 024
(a) LCg (b) LC4

15(1) 25(1)

(¢) LG5 11(1) 21(1)

F1GURE 4. The circular Ladder graphs of orders 3,4 and 5.

It is clear that f is a SRDF. By our labeling, it is easy to show that

Val=n-1,

n;L2J ifn=0,1,2 (mod 4),
Vil=4

n;—ﬂ’ ifn=3 (mod 4).

ZJ ifn=0,2,3 (mod 4),
Va| =

n;—2J’ ifn=1 (mod 4).

It is easy to verify the following inequality

2
V’”L J+1, ifn=0,2,3 (mod 4),

Ysr(LCr) < 2|Va| + [V1| — [V_4| =

{n+2

5 J—|—2, ifn=1 (mod 4).

We now show that our function is the minimum SRDF. Let us assume that
g:V(LC,) —{-1,1,2}
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is another arbitrary SRDF on LC,. By the construction of the circular Ladder graph all
vertices have the same degree (that is, LC, is a 3-regular graph). So, whether we select the
vertices from the interior or exterior, it makes no difference. Therefore, we will choose the
four exterior vertices, namely z = (1,1),y = (2,1),w = (1,n) and z = (2, n).
Clearly, it is not possible to have the following cases

e 9(z) = g(y) = g(w) = -1,

o 9(z) =9g(y) = 9(z) = -1,

o 9(z) =9g(w) =9(z) = -1,

* 9(y) =9(z) = g(w) = -1, and

e 9(z) = 9(y) = g(w) = g(z) = 1.
This is because if any of the above occurs, then we will have the following cases (in order)

® > veNie, s 9(v) <O,

® Yvenic, 1y 9(v) <0,

® YveNie,w 9(V) <0,

® Y ueNio, 2] g(v) <0, and

® > eno, [ 9(v) <0 for u € {z,y,w, z}.

So, we must have one of the following cases (some cases will be excluded by the symmetric
role the vertices play):

e g(z) = g(y) = —1 and g(w) = g(2) = 1 (or, g(z) = g(y) = 1 and g(w) = g(z) = —1),
e g(z) = g(y) = 9(2) = g(w) = 1,

=9(y) = -1, g(w) = 1 and g(z) = 2 (or, g(z) = 9(y) = —1, g(w) = 2 and
g9(z) =1),

9(z) = 9(y) = g(w) = g(z) = 2,

* g(z) = g(y) = 2 and g(w) = g(2) = 1,

* 9(z) = g(y) = g(w) =1 and g(2) = 2,

° 9(z) = g(y) = g(w) =2 and g(z) = 1,

* 9(z) = g(y) =2 and g(w) = g(z) = —1; and

e g9(z) = g(y) = g(w) = 2 and g(z) = 1.
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It is easy to check that following the greedy algorithm, each of the above cases give us

Vi <n-—1,

n;L2J , ifn=0,1,2 (mod 4);
V1| >

n;—ﬂ , ifn=3 (mod 4),

ZJ , ifn=0,2,3 (mod 4);
V2| >

n;—2J , ifn=1 (mod 4).

Consequently, summing up these i1_1equalities we have

2
V’”L J+1, ifn=0,23 (mod4),

w(g) = 2AVa| + Vi — V.| >

2
{n—i— J—|—2, ifn=1 (mod 4).

This completes the proof. O

Now, we turn our attention to the complement of the circular Ladder graph LCC.

Definition 4. The complement of the circular Ladder graph (denoted by LCYS) is the com-
plement of the cartesian product of path graph P, and cycle graph C,, that is

LCS = (P, X C,)°.
It is easy to see that for the complement of the circular Ladder graph of order 2n (that is
LCC), we have
(i) [V(LCY)| = 2n,
.. 2n(2n — 1)
(1) [B(LCT)| = ——— — |BE(LCy)],
(iii) LCC is a regular graph of degree (2n — 4).

Ezample 2. The complement of the circular Ladder graph of order 3 and 4 has signed Roman
domination number 4 (see Figure 5).

Theorem 4. Let LCS be the complement of the circular Ladder graph of order n. Then
for all n > 5, we have

Proof. For the complement of circular Ladder graph LCS when n >5, consider the function
f:veesd) —{-1,1,2}
given by:
-1, ifv=(1,1),v=(1,4),v =(2,1) for 1 <i<m,t#2,5,
fv)=141, ifv=(1,¢)for5<t<n,v=(22),
2, ifv=(1,2),v=(1,3)and v=(2,5).
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FIGURE 5. SRDF for LCY and LCY.

Clearly, f is a SRDF. By the construction of our labelling, it easy to show that

Val=2+(n-2)=n,
Vol = 3.

Hence, we have

vsr(LCS) < 2|[Va| + V1| — [VL4] = 3.

Now, we prove our function is the minimum SRDF'. Let us assume that
g:V(LCS) — {-1,1,2}

be another arbitrary SRDF on LCS, n > 5. Since the complement of the circular graph LCS

n

is a regular graph of degree 2n — 4, so all vertices in LCYS is adjacent to 2n — 4 vertices. To
show our function is the minimum then we have the following cases for g(v), depending on

f(v)=2 or f(v) =1:

(1) If g(V(LCY)) = f(V(LCY)) except g(1,3) # f(1,3), since f(1,3) = 2 but if g(1,3) =
1 < f(1,3). Clearly it is not possible to have g(1,3) = 1, Otherwise we will have
>veN, clz) 9(v) = 0 where £ = (1, 1) be the exterior vertex of LCT, so

S )= Y o)+ e((29)

vEN ocla] =152 =2

=0.

(2) I g(V(LCY)) = F(V(LCY)) except g(1,2) # f(1,2), since f(1,2) = 2, but g(1,2) =
1 < f(1,2). Clearly, it is not possible to have g(1,2) = 1 since otherwise we will have

>ven, o] 9((12)) =0 for 1 =2,3,4 or v = (2, 3).

Lc§

(3) a(V(LCS)) = f(V(LCE)) except g(2,5) # f(2,5) since f(2,5) = 2, let g(2,5) = L
Clearly it is not possible to have g(2,5) = 1 otherwise we will have 3 ¢ N, ccla) g(v) =0
similar to the first case.
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(4) If g(V(LCS)) = f(V(LCE)) except g(2,2) = —1, because f(2,2) = 1. Clearly, it is not
possible to have ¢(2,2) = —1, otherwise we will have

n

Y o= S o)+ > e((29)

UGNLCE [z] 1=1,1#£2 =2

= 2.

This completes the proof. O

4. CONCLUDING REMARKS

(1) It is a natural next step to find the values of ysz(G) when G is either a grid graph or
its complement. We leave that problem open.

(2) Some other closely related types of domination numbers have been studied in the
literature. We point out two of these: the concept of signed Roman k-Domination in
graphs by Henning and Volkmann [HV16] (k = 1 corresponds to a SRDF), and the
concept of weak signed Roman Domination in graphs by Volkmann [Vol20]. It would be
interesting to study the graphs we study in this paper for these domination numbers.
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