BIASES IN NON-UNITARY PARTITIONS

PANKAJ JYOTI MAHANTA, MANJIL P. SAIKIA, AND ABHISHEK SARMA

ABSTRACT. Recently, the concept of parity bias in integer partitions has been studied by several
authors. We continue this study here, but for non-unitary partitions (namely, partitions with
parts greater than 1). We prove analogous results for these restricted partitions as those that
have been obtained by Kim, Kim, and Lovejoy (2020) and Kim and Kim (2021). We also look
at inequalities between two classes of partitions studied by Andrews (2019) where the parts are
separated by parity (either all odd parts are smaller than all even parts or vice versa).

1. INTRODUCTION

A partition A = (A1, Ag,..., \g) of n is a non-increasing sequence of natural numbers, A\; >
Ao > --- > N\, such that Ay + Ay + - -+ + A = n. Here, each ); is called a part of the partition
A of n (written as A F n) and the length of the partition, denoted by ¢()\) is k. Partitions have
been studied since the time of Euler, and continues to be a serious topic for ongoing research
in several directions. A good introduction to the subject is given in the masterly treatment of
Andrews [And9§].

In the theory of partitions, inequalities arising between two classes of partitions have a long
tradition of study, see for instance work in this direction by Alder [Ald48], Andrews [And13],
McLaughlin [ML16], Chern, Fu, and Tang [CETI8] and Berkovich and Uncu [BU19], among
others. In 2020, Kim, Kim and Lovejoy [KKL20] introduced a phenomenon in integer partitions
called parity bias, wherein the number of partitions of n with more odd parts (denoted by p,(n))
are more in number than the number of partitions of n with more even parts (denoted by p.(n)).
That is, they proved for n # 2, p,(n) > pe(n). They also conjectured a similar inequality for
partitions with only distinct parts. For n > 19, they conjectured that d,(n) > d.(n), where d,(n)
(resp. d.(n)) denotes the number of partitions of n with distinct parts with more odd parts (resp.
even parts) than even parts (resp. odd parts). Further generalizations of the results of Kim,
Kim, and Lovejoy [KKL20] have been found by Kim and Kim [KK21] and Chern [Che22]. Most
of the proofs of the results in these papers use techniques arising from g-series methods.

The first two authors, in collaboration with Banerjee, Bhattacharjee and Dastidar [BBD'22]
proved both the above quoted result and conjecture of Kim, Kim, and Lovejoy [KK21] using
combinatorial means. In addition, they proved several more results on parity biases of partitions
with restrictions on the set of parts. For a nonempty set S C Z>, define

PS(n):={\€ P.(n): )\ ¢ S}

and
PS(n):={\€ P,(n): \; ¢ S},
where the set P.(n) (resp. P,(n)) consists of all partitions of n with more even parts (resp. odd

parts) than odd parts (resp. even parts). Let us denote the number of partitions of P%(n) (resp.
P3(n)) by p2(n) (resp. pS(n)). Banerjee et al. [BBDT22| proved the following result.
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Theorem 1.1 (Banerjee et al., [BBDT22|). For positive integers n, the following inequalities
are true (the range is given in the brackets),

piH(n) <pifn), (n>7), (1)
pi#(n) > p*(n), (n>1), (2)

and
piv? (n) > pt?H(n),  (n>8). (3)

All of the proofs of the above inequalities were by using combinatorial techniques. Although
they do not use this term, but partitions where the part 1 does not appear are called non-unitary
partitions and we will use this terminology in this paper.

In 2023, B. Kim and E. Kim [KK23] gave two further refinements for parity biases in ordinary
integer partitions. For the first refinement, they let p(m,n) to be the number of partitions of
n with the number of odd parts minus the number of even parts to be m. They proved the
following result.

Theorem 1.2. [KK23, Theorem 1] For a positive integer m > 0, we have
p(m,n) > p(—m,n).

The second refinement is that parity bias still holds if any odd part > 3 is not allowed. This is
given by the following theorem.

Theorem 1.3. [KK23| Theorem 2] Let k be a positive integer. Then, for all positive integers n,
pi%—&-l}(n) > pi%—l—l}(n).

The proofs of these results involve both combinatorial and analytic techniques. In 2024, they
[KK24] looked at some asymptotic results related to parity biases, which we do not mention
here.

In view of (1), it is clear that the contribution of 1 towards parity bias is much more than
that of other odd parts.

The primary goal of this paper is to use analytical techniques and prove results of the type
proved by Banerjee et al., that is about parity biases in partitions with certain restrictions on its
allowed parts. We reprove the inequality using analytical techniques, as well as prove results
in a similar setup for the biases discussed in the work of Kim and Kim [KK21I]. We further
look at some simply derived results on biases in partitions with a restriction on the size of the
minimum part as well as on parity of the number of parts of a given parity. Our techniques
can also be used to prove partition inequalities of the type where the number of partitions of
a certain class of partitions are more than another class. This is explored for two classes of
partitions studied by Andrews [And19] where the parts are separated by parity, where either all
odd parts are smaller than all even parts or vice versa.

The paper is structured as follows: In Section [2| we state and prove our main results, namely
on biases in ordinary non-unitary partitions, in Section [3| we look at inequalities on partitions
with parts separated by parity. Finally we close the paper with some concluding remarks in
Section [l

2. BIASES IN ORDINARY NON-UNITARY PARTITIONS

Using analytical techniques we will give a proof of the following result which was proved by
Banerjee et. al. [BBDT22| combinatorially. We modify the notation a bit and let g.(n) (resp.
¢o(n)) be the number of non-unitary partitions of n where the number of even (resp. odd) parts
are more than the number of odd (resp. even) parts.
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Theorem 2.1 (Theorem 1.5, [BBD™22|). For all positive integers n > 8, we have

7(n) < ge(n).
Let pjm(n) be the number of partitions of n such that there are more parts congruent to j

modulo m than parts congruent to k modulo m, for m > 2. Then, Kim and Kim [KK21] proved
that for all positive integers n > m? — m + 1, we have

Pl,o,m(n) > pO,l,m(n)-

Let us now denote by gjx,(n) the number of non-unitary partitions of n such that there are
more parts congruent to j modulo m than parts congruent to £ modulo m, for m > 2. Then,
we have the following result.

Theorem 2.2. Forn > 4m + 3 and m > 2, we have

do,1,m (n) > q1,0,m (n).

We need some preliminaries before proving the above results. We use the standard g¢-series
notation

(a’) H 1- CL(] 7 |q| < ]-7
k=1

and,
(a1, a2, - s @m; @) = (@15 Qn(a2; On -+ (A5 Q-
Also, recall Heine’s transformation [GR04, Appendix III.1], which says for |z],]|ql,|b] < 1, we

e (@D e
Q) 0)n CLZ 0o C
> Ol Ualoc)e o (0 8
By appropriately iterating Heine’s transformatlon, we obtaln [GR04, Appendix II1.3] what is
sometimes called the g-analogue of Euler’s transformation, which says that for |z|, [2%| < 1, we
have

Z (a)n(b)nzn _ abz/c s Z In “(abz/c)". (5)

We also recall an identity of Sylvester [SF82, p. 281]: for |q\ < 1, we have
(_$Q)m _ Z (_xQ>n<1 + xq2n+1)ann(3n+l)/2‘ (6)
= (Dn
bn

By standard combinatorial arguments, we have that is the generating function for

(4% ¢%)n
partitions with exactly n odd parts with the minimum odd part being at least b, as well as it
is the generating function for partitions with exactly n even parts with the minimum even part

being at least b. We will use this in the proofs below without commentary.

Proof of Theorem[2.1] Let P,(q) (resp. P.(q)) be the generating functions of ¢,(n) (resp. g.(n).

Then, we have
3n 5n

q q
PO(Q)ZZW_Z—_Q —I—q +q +q +2q + -
(a5 = (@)
and,
Pe(q) = 2‘1 - %=q2+2q4+3q6+q7+5q8+---
(@ @)oo S5 (4%
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Substituting ¢ = ¢*,a,b — 0,z = ¢3,¢ — ¢* in equation we get
3n

4q 2n
Py(q) = ; @ q%(l ")
_ 1 Z q3n _ q3 Z q3n
(1= ¢) & (65 6*)n1(d%¢)nr (1= ¢*) 255 (4% 6*)n(4? ¢°)n
_ 1 Z q2n2+5n+3 _ 1 Z q2n2+n
(0% @)oo 22 (% )it (P (0% 6%) o0 27 (0%507)n(0% 0%)ns
1 ) q2n2+n B

R0 MrerH el

Substituting ¢ = ¢%,a,b — 0,z = ¢, ¢ — ¢* in equation (5] we get

Pe(Q): ! ! _ZL

(0% ¢%)o0 (0% ¢%)oe 455 (0% 4°)7

2n243n

e Dl .
(7% 0%)00 = (65622 (6% 000 = (6% ¢%)2

n>0 n>0 n

1 on?

_ q . 3n
(%Y Z(tﬂ;cﬁ)iu )

X n>1

Now,

1 2n?

Pula) = Poa) = o= D J (=),

2. 42
= (¢%4q

Clearly, for the summands from n = 2 onward the coefficients are positive, because if n is
even, then 1— ¢" will be cancelled by a factor of (¢%; ¢*),, and if n is odd, then it will be cancelled
by a factor of (¢%; ¢?) e

For, n =1, put x = 1 in equation @ to obtain the following

1 ¢(1—gq) ¢°(1—¢q)?
(

3 5 3 2
=q°(1

2
3 2 q (—Q)n Int1y  3nitn
=q¢(1+q)+ E (14+¢" g >
(1+4q)* = (q)

n

s ;14(1 +q¢°)
I+q (1—-¢

q <_Q)n Intly  3nitn
+ (14+¢")g 2
(1+49)? n%; (@)n

612(1+012)Jr ¢ Z(—q)n

(1-¢)  (1+9° % (@

=¢(1+¢)+

3n2+n

(14+¢"hHe 7,

which gives us

1 ¢Fl-q 5 q2(1+q2)+ ¢ Z(—QQ)nl
1—¢?

(6% ¥ o (1 — )2 =—q¢ —q¢+ 1-¢) — ¢ = (¢P)n_1

3n2+n

(1_|_q2n+1)q 5
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We see that the coefficients for all terms are nonnegative except for ¢* and ¢°>. The terms of
the expansion of the third summand of the RHS consists of terms of the form ¢* for all ¢ € N.
For n = 2 the fourth summand of the RHS gives a series where the terms are of the form ¢%*!
for all i € N and ¢ > 4. For all n > 2 the minimum power of ¢ in the expansion of the fourth
term of RHS is greater than 9. Also, for all n > 1 the minimum power of ¢ in the expansion
of P.(q) — P,(q) is greater than or equal to 8. So, in each case the coefficient of ¢” is 0. This
completes the proof. 0

bn
Proof of Theorem[2.3. We start by acknowledging the fact that ( ] is the generating func-
q": 4" )n
tion with partitions into n parts congruent to b (mod m). Let P ,,(q) (resp. Po1m(q)) be the

generating functions of ¢y 9.m(n) (resp. go1.m(n)). Then, we have

m+1l m. m (m+1)n m+1l m. m (m+1)n+mn
q 4547 )oo q q yqd 547 )oo q
Pl,O,m(Q):( (¢ q) ) Z(m m)2_( (42 q) ) (g™ q™)2
Q7QOO TLZO q 7q n qu()o nZO q 7q mn
and )
Poam() = e = @050 e 5
. (4% @) (% @) 2 (@™4™)7
Now,
(@™ 0" 0 oo x~ g
Prom(q) = (1—q™)
(% @)oo ; (g™ q™)3
(@™ ™) 3 gtmrn
(@%@ 7 (4™ 4™)n(@™ 4™ 0
(qm—i—l’ qm’ qm)oo qm-‘rl q(m+1)n

(@%@ (L=q™) £ (4™, %5 4™ )n

(by substituting, ¢ — ¢™,a,b — 0,¢ — ¢*™ and z — ¢™"! in equation (5], we get)
(@™ ) ¢ g Famnn
(@% @)oo (1=q™) 2 (™, 6> 4™ )n
(470 oe = ™ (L= g™)

- > . (7)

(%D & (g™4™)7

Similarly, we have

mn2+(m+1)n

(@™ 0™ g (@™0™)oo N ¢
Py1m(q) = —
bi1m (@) (4% ¢)oo Z(qm;qm)i (4% 9) Z (g™ q™)2

n>0 n>0

et

n>1

From equations and , we get

Poim(d) = Prom(q) = (‘f:;,q;)m )

n>1

From Kim and Kim [KK2I, Lemma 2.1], we see that the above difference has nonnegative

m. ,m 4m
( gq ),q();oq - This shows
q 7q oo q 7q 2

coefficients for all ¢* with k& > 2m + 1. The summand n = 2 is
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that coefficients of ¢* are positive for k > 4m + 3. In fact, the coefficient of ¢*™ is also positive.
So, we have our result. O

3. INEQUALITIES BETWEEN PARTITIONS WITH PARTS SEPARATED BY PARITY

Andrews |[And18, [And19] studied partitions in which parts of a given parity are all smaller
than those of the other parity, and proved several interesting results, which have been stud-
ied by other authors as well. We denote by py¥(n), the cardinalities of the class of partitions
of n studied by Andrews. The symbols wz and yz are formed with first letter either e or
o (denoting even or odd parts) and second letter either u or d (denoting unrestricted or dis-
tinct parts). The parts separated by the symbol in the subscript are assumed to lie below the
parts represented by the superscript. This gives rise to eight different families of partitions,
namely p2“(n), p2i(n), p&(n), p<(n), pi(n), p°4(n), p¢(n) and p¢%(n). The corresponding gener-
ating functions for the class of partitions counted by py7(n) is denoted by

FP(q) =Y pui(n)g
n>0

The corresponding set of all partitions counted by p;Z(n) is denoted by P,?(n). Collectively we
call all such partitions to be partitions with parts separated by parity.

Recently, Ballantine and Welch [BW24] proved the following inequalities for such partitions
with parts separated by parity:

Jforn > 11,
,forn > 3,
,forn > 5,
for n > 2,

pli(n) < poi(n
pZu(n) < pou(n
Pod(n) < peg(n

) < Plu(

a
u
a
u(

peu n) < pou nj,
pou(n) < peu(n), for n Z 8.

In this section we mainly look at some inequalities between P2%(n) and PS*(n). We get the
following two generating functions from Andrews [And19).

Fou Zp ! )

_ 2
= (1= a)(¢% ¢*)os

Fo(q) =Y po(n 1iq((q; q12)oo - (qQ;iJQ)oo)'

n>0
Note that the set P%%(n) includes the partitions with all parts even or odd. But PS5¥(n) does
not include the partitions with all parts even.

Banerjee, Bhattacharjee and Dastidar (via a private communication to the second author)
proved the following result combinatorially.

and

Theorem 3.1. For all n > 6, we have
Pou(n) > ply(n).

This was also proved independently by Ballantine and Welch [BW24]. For the sake of complete-
ness, we give a proof of this result (which is different from that of Banerjee, Bhattacharjee and
Dastidar, and Ballantine and Welch) a little later.

We also look at non-unitary versions of these types of partitions. Let us denote by Q%%(n) and

U(n) the set of non-unitary partitions which are in the sets P2“(n) and P5(n) respectively.
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Let us denote the cardinalities of these two sets by ¢%“(n) and ¢%“(n) respectively. If 1 is a
part in any partition inside P%*(n), then no even part is there in that partition. So, we get the
following generating function.

1 q
=D i 1-9)(@ P~ (6P

n>0

If 1 is not a part in any partition inside P¢“(n), then the least odd part of that partition is

ou
greater than or equal to 3. So, in any case the partition can not contain 2 as a part. Therefore,

we get the following generating function (for details see Andrews [And19].)

q2n+3
=2 _dou(n)q" =
%; ) RZ; (4% @*)nt1 (2" ¢%)oc
<Z q q q B 1)
n>0
1 q+1

(@) (%P
We now have the following result.
Theorem 3.2. For all n > 3, we have
Qo (1) < gy ().

Before proving this result, we need some auxillary identities. Due to Euler [And98|, p. 19], we

know that
1 a™
(a;q)00 HZZO (¢;@)n
Therefore,
(@0 (@) i (= Dn(@)n
and

I
=)
I
—~
|
SRS
3
—
lw)
SN—
3

2. 42 2. 42
(0% S5 (P =5

Now, Substituting ¢ = —¢,a,b — 0,z = ¢ in equation (4 we get

q 2
2 (—)n(@)n Zq

n>0 ® n>0

Again, substituting ¢ = —¢q, a,b — 0, 2 = ¢* in equation ([4]) we get

q - 1 ol n22+n
2 @ = Comgm 2L ha™=

n>0 n>0

We use these identities in the remainder of this section without commentary.
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Proof of Theorem[3.9. We have
2 — ¢? 1+¢

1
2ia) -~ Qita) = 2L -
O T e s

a2 <(2 —OU=ED) oy q))q"QJ"

(4% ¢%)oe £ 1—gq
1 TL n(n+1) (n+1)(n+2)
"
T A >0 n>0
1 (n+1)(n+2) (n+1)(n+2)
= T(1+Z(1+q+q2+---+qn+l)q2 —Z(1+Q)q2>
(4% ¢*)oo = =
(n+1)(n+2)
),
T (P ( ;
Hence, the coefficients of ¢" in Q% (q) — Q5:(q) are positive for all n > 3. O

We end this section by giving a proof of Theorem [3.1]
Proof of Theorem[3.1 We have

Folld) = Fi(@) = 1 i q((q; 6112)00 - (qQ'z"‘) > T - q)(1q2;q2)oo ((((];ijoo N 2)
T 19 (an;n_ )

n>0

where the last equality follows from [And98| p. 23].
We now note that the products on the RHS can be rewritten as

It+g+@++- ) [Ja+@ +d" +" +- ) (1+a+ @+ +d°+d" +-).
=1

Let 1+q¢+@+@+ ) [[A+¢*+q¢"+¢%+---)= > a,q¢". Then we can prove that
i=1 n>0
Qop = Qony1, for alln >0,
and the series begins as
1+q+2¢2+2¢° +4¢" +4¢° +7¢° +7¢" + -+ -,

where the coefficients of ¢ are clearly monotonically non-decreasing. Multiplying this with
(—1+q+¢+¢°+¢*°+¢'°+- - - ) now shows that indeed the coefficients of ¢>"™! in P (q)— P°*(q)
are nonnegative for n > 1 (since each instance of Aon11¢2" T multiplied with —1 will be cancelled
out by as,¢*" multiplied with ¢).

Let [T(1+¢* 4+ q%+¢% +--+) = 3 b2,q*", where by, is the number of partitions of 2n with

i=1 n>0
all parts even. To prove that the coefficients of ¢*" in P¢*(q) — P°“(q) are nonnegative for n > 4,
we have to prove that
Q2n—1 + Q2p—3 > Q2p,

which means

A2p—2 + Q2p—3 > Qo2p.
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It is easy to see that
n n—2
A2n = Z boi, and ag,-3= Z ba;.-
i=0 i=0

n—

This implies,

[\

Qon—2 + Qop—3 — Q2p = bai — ban.

Il
=)

7

So, to complete the proof, it is enough to show that

n—2
=0

This is not difficult to see combinatorially. We define the set P(2n) to be the set of partitions
of 2n into even parts. Let A(2n) = P(2n)\ {(2n), (2,2,...,2)}. Then we define an injection ¢ :
——

n

n—2 _ - -
A(2n) — |J P(2i) by mapping any partition A in A(2n) to a partition in P(2i) for 1 <i <mn—2
i=1
by removing the largest part of \. And we map (2n) to (2n —4), and (2,2,...,2) to (2n — 6),
—_——

which is possible for all n > 7. This proves the inequality (9) for n > 7. So, the coefficients of
even powers of ¢ in PS*(q) — P%%(q) are positive for all n > 14. Verifying for the smaller even
powers of ¢, we get the theorem. O

Remark 3.1. In fact, it is possible to prove combinatorially that, for all n > 7, we have
bon—a + bay—6 + ban—g + ban—10 > bay.

This will give an alternate justification of the previous proof without invoking the map .

4. CONCLUDING REMARKS

There are several natural questions that arise from our study, including several avenues for
further research. We list below a selection of such questions and comments.

(1) Experiments suggest that the inequality in Theorem can be strengthened. We con-
jecture that, for all n > 9 we have

3¢,(n) < 2¢.(n).
In fact, it is easy to see that this is true for all even n, since we have
1 2n?

Z 1 2(1 _qn>2(2+qn>7

(0% )0 21 (6% %)

2P.(q) — 3P,(q) =

and when n is even then (1 — ¢")? is cancelled by a factor of (¢%; ¢*)2.
(2) Chern [Che22 Theorem 1.3] has recently proved for m > 2 and for integers a and b such
that 1 < a < b < m, we have

pa,b,m (n) 2 pb,a,m (n) 3

thus generalizing the result of Kim and Kim [KK21]. Limited data suggests that this
inequality is reversed if we consider gy, (n) instead of p; i (n). It would be interesting
to obtain a unified proof of this observation.

(3) Kim, Kim, and Lovejoy [KK21] and Kim and Kim [KK21] also study asymptotics of
some of their parity biases. It would be interesting to study such asymptotics for our
cases as well.
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(4) All the proofs in this paper are analytical. It would be interesting to obtain combinatorial
proofs of some of these results.

(5) Analytical proofs of the inequalities and would also be of interest to see if we can
obtain more generalized results of a similar flavour.

(6) Alanazi and Nyirenda [AN21] and Chern |Che21] study some more classes of partitions
where the parts are separated by parity, following the work of Andrews [And19]. Tt would
be interesting to see if inequalities of the type proved in Theorems and can be
proved for these cases as well as for other classes studied by Andrews [And19].

(7) It appears that there is a lot of interesting (parity) biases to be unearthed for different
types of partition functions, a systematic study of such (parity) biases would also be of
interest.
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