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Page 354 from the unorganized portion in Ramanujan’s

second notebook
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Two of the five g-series identities

IB. C. Berndt, Ramanujan’s Notebooks, Part IV, Springer-Verlag, New

York, 1991.
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(Ao = (4;q)o = 1,
(A= (A)n=01—-A)1A—-Ag)---(1-Ag""), n>1,

(Ao 1= (4} @)oc = lim (A; q)n.
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Two of the five g-series identities

Notation:
(A)o == (A;q)o =1,
(A)p = (A;q)n = (1 — A)(1 — Ag)--- (1 — A" 1), n>1,
(Ao 1= (4} @)oc = lim (A; q)n.
Entry 1
(—aq)oo > (—b/a)na”q”(“+1)/2
i 2 @abdn 1)

IB. C. Berndt, Ramanujan’s Notebooks, Part IV, Springer-Verlag, New
York, 1991.
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IB. C. Berndt, Ramanujan’s Notebooks, Part IV, Springer-Verlag, New
York, 1991.
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Remaining three ¢-series identities

o Entry 3:
> b/a),a™ L at — b
Zl(—/ib :Z 1—gn (I11)
o (=)@ 1 T-a
o Entry 4:
o n(n+1) 0o
(_1)n—lznq 3 ann
= 1A%
2 e, i )
o Entry 5:
> q)n—10 na™
> e - W
2 T—g)(@), 2214

o All five identities proved by Bruce Berndt.
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Entry 1:

(—aq)oo <= (—b/a)pa™q /2
(b9)oo =2 (@)n (@) :

Proof: Use Heine’s theorem, rediscovered by Ramanujan
(Entry 4, Chapter 16, Ramanujan’s second notebook):

n=0
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Entry 1:

(—aq)oo <= (—b/a)pa™q /2
(b9)oo =2 (@)n (@) :

Proof: Use Heine’s theorem, rediscovered by Ramanujan
(Entry 4, Chapter 16, Ramanujan’s second notebook):

(@)oo (a0)ss o= (3),y (3),, (@DO)"
D D v —

» Letting b — 0, (%)nb” becomes (—1)"¢""1/2 we get

n=0

n=0

(ac)oo _ i (%)n (_ac)nqn(nfl)h
@w 22 @al@)
» Now replace a by bg and then replace ¢ by —a/b to obtain

Entry 1.
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Proof of Entry 2

Entry 2:
i na i n Lgn n(n+1)/
Joo Q)n 1—4q"
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Proof of Entry 2

Entry 2:
0 n Lgn n(n+1)/

I W e W

n= 1 =1

Proof: Use Entry 9 of Chapter 16 of Ramanujan’s second
notebook, that is,

00 bnan B b n,n
o D a2 (@n
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Proof of Entry 2

Entry 2:
0 n—1_n_n(n+1)/2

. natg™ -1 a
(@ > -y e

n=1 Q)n(GQ)n n=1

Proof: Use Entry 9 of Chapter 16 of Ramanujan’s second
notebook, that is,

o0 00 (_1)n (Q) anqn(n+1)/2

b'rL TL2 a
(@a)oe 3 ) et = 2o (@)n
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Proof of Entry 2

Entry 2:
o0 n n? X 1\yn—1,n n(n+1)/2
naq (=) *a"q
(aq)oo Z - Z —gn
= (@nlag)n = l1—gq

Proof: Use Entry 9 of Chapter 16 of Ramanujan’s second
notebook, that is,

o0 bnan B 9] (_1)n (g)nanqn(n+1)/2
(@@ 2 155 ey ~ 2 (@

» Differentiating with respect to b, we have

- nbnilqn2 _ - (_1)”(% (%)nanqn(n+1)/2
(W0 D (e = 2 @)

n=1 n=1

» Now replace b by a and use the fact that

d (b 1
@ (a> lb=a = — 5 (@1

to complete the proof.
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Proof of Entry 3

Entry 3: For a # 0, |a| < 1, and |b| < 1, we have

> b/ana _Ooa -
; D) nzll_q (II1)
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Entry 3: For a # 0, |a| < 1, and |b| < 1, we have
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Proof of Entry 3

Entry 3: For a # 0, |a| < 1, and |b| < 1, we have

Flab)=Y" (1<b/a)n“” -y ‘1” - (I1T)

= (1 =q")(b)n —q"
Proof: Note that

n=1

b/a na i b/a)n

Mg

F(a,b) — F(aq,bq) =

n:l n:l 1 o qn
S M b — (1
N (b/a)na
_Z (b)nJrl ’

n=1

» With the help of Entry 6 of Chapter 16, Bruce Berndt
derived that

ib/ana_ a b

l—a 1-=0b
n=1 n+1 9/31
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» Thus, we have
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» Hence, for n > 0, we have

_F n+1 b n+ly _ aq . )
(aq @) 1—aqg™ 1—bg"

(1)

F(aq",bq")
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Prof of Entry 3: Continued...

» Thus, we have

a b
F(a,b) — Flag,ba) = 1— ~ 7
» Hence, for n > 0, we have
F(ag",bg") — F(ag"™,bg" ™) = - - ()

1—aqg™ 1—bg"

Now taking sum both sides on n, from 0 to infinity, and observe
that F'(aq",bq") tends to 0 as n — oo.
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Prof of Entry 3: Continued...

» Thus, we have

» Hence, for n > 0, we have

(1)

F(ag",bg") — F(ag"™, bg"*") =

1—ag® 1—bg"

Now taking sum both sides on n, from 0 to infinity, and observe
that F'(aq",bq") tends to 0 as n — oo.
» Therefore, we have

_oo aqn oo 0 .

F(a,b)—nz:%l_aqn nz—;)mz; q")"]
e a™m pm

;(1—61 1—qm>'
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Ramanujan’s fourth identity Entry 4

2K. Uchimura, An identity for the divisor generating function arising
from sorting theory, J. Combin. Theory Ser. A 31 (1981) 131-135.

3J. C. Kluyver, Vraagstuk XXXVII (Solution by S.C. van Veen),
Wiskundige Opgaven (1919), 92-93.
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Entry 4:
o n—l n(n;l) o Pl
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Entry 4:
o n—l n(n;l) o Pl
q
BT U
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e Rediscovered by Uchimura.?

o The case z = 1 is well-known and goes back to Kluyver3.

2K. Uchimura, An identity for the divisor generating function arising
from sorting theory, J. Combin. Theory Ser. A 31 (1981) 131-135.
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Ramanujan’s fourth identity Entry 4

Entry 4:
i~ n—l n(n;l) > Lngn
q
> 5 =2 g @
n=1 1 B q ) n=1 1- q"

e Rediscovered by Uchimura.?

o The case z = 1 is well-known and goes back to Kluyver3.
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n=1 —C] n:ll_q
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Beautiful partition-theoretic interpretation by

Bressoud-Subbarao; and Fokkink-Fokkink-Wang (FFW)

4G. E. Andrews, The number of smallest parts in the partitions on n, J.
Reine Angew. Math. 624 (2008), 133-142.

5D. Bressoud and M. Subbarao, On Uchimura’s connection between
partitions and the number of divisors, Canad. Math. Bull. 27 (1984),
143-145.

SR. Fokkink, W. Fokkink and Z. B. Wang, A relation between partitions
and the number of divisors, Amer. Math. Monthly 102 (1995), 345-347.
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Beautiful partition-theoretic interpretation by
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Weighted partition identity of Bressoud-Subbarao

"D. Bressoud and M. Subbarao, On Uchimura’s connection between
partitions and the number of divisors, Canad. Math. Bull. 27 (1984),
143-145.
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e In the same paper, using purely combinatorial arguments,
Bressoud and Subbarao’ derived a more general identity
involving the generalized divisor function,
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dn
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A generalization of Entry 3

8A. Dixit and B. Maji, Partition implications of a three parameter

g-series identity, Ramanujan J. 52 (2020), 323-358.
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A generalization of Entry 3

Theorem (Ramanujan, Berndt)

For |a| <1 and |b| < 1, we have

> (b/a),a™ i a™ — b
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A generalization of Entry 3

Theorem (Ramanujan, Berndt)

For |a| <1 and |b| < 1, we have

Theorem (Dixit-M.)

Let a, b, c be three complex numbers such that |a| < 1 and
lcql < 1. Then

i (b/a) na io: b/c aq™ bg™

— (1 —cqm) — )m 1—ag™ 1-—bgm )"
8

8A. Dixit and B. Maji, Partition implications of a three parameter

g-series identity, Ramanujan J. 52 (2020), 323-358.
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Prof of the generalization of Entry 3

Let
U S
B 2 ),
Note that
. e (@), I
G(a,b;c) — G(aq,bg; c) —nz::l 0= ") O (1 —=0bg" —q"(1—0))
:i (g)nan (1_ n)
2= eq) i1
o (@), 0" (A=) — (1= o))
_; (0)nt1 < L —cq” )
(@ (2), ()"
BD DN (R D D ey mee

(b n41 1-— ) 15 /31



Proof continued...
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Proof continued...

» We now use the result of Berndt, that is,

= (2),0" _ a b
;(b) T 1-—a 1-¥ (6)
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Proof continued...

» We now use the result of Berndt, that is,
= (2),9" b
Z =71 _ T 1 _ (6)
(b)n+1 1 a 1 b

n=1

Substituting this identity, we get
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Z (a)n — _ b (6)

(b)n+1 1—a 1— b7

n=1
Substituting this identity, we get
c—b a b
G(a,b,c)— <1b> G(GQ7anC)_ 1*0,_m (7)

» We now create a telescoping sum. Replace a and b by aq and
bq respectively so that

. c—bg 272 y_ 99 bg
G<GQ7bq76) (1_bq>G(aq7bq7C)_1_aq 1_bq

» Multiply both sides by (¢ —b)/(1 —b) to get
c—b ‘ c—b\ [c—bg 9, 2
(1_b> G(aq, bg; c) <1_b) <1_bq) G(ag”,bg";c)  (8)

_<c—b>< ag bq >
1-b)\1—aq 1=0bg) 1651




Proof continued...

17/31



Proof continued...

» Add the corresponding sides of (7) and (8) to obtain

(¢ = b)(c—bq)
(1=b)(1 = bg)

- (lia_lﬁb>+éi:l;; <1ﬁqaq_1ﬁqbq>’

G(a,b;c) — G(ag®,bq*; ) (9)
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Proof continued...

» Add the corresponding sides of (7) and (8) to obtain
—b)(c —bg)

G(a, b; C)—((fb)(lbq)G(@q2abq2;C) (9)
B a b (c—b) aq bgq
B (l—a_ 1—b> LT <1—aq_ 1—bq>’

» Repeat this process.
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» Repeat this process. At nth step, we get
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Proof continued...

» Add the corresponding sides of (7) and (8) to obtain

G(a,b;c) — WG(GQQ,?JQQ;C) (9)
B a b (c—b) aq bgq
B (l—a_ 1—b> LT <1—aq_ 1—bq>’
(10)

» Repeat this process. At nth step, we get

cn+1 b
Gla.bic) - *(0)"“G<aq"+l,bq"+%c>

(b)n+4
Z”: k: bqk
— by \l—agF 1—bgk)"
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Proof continued...

» Add the corresponding sides of (7) and (8) to obtain
—b)(c —bg)

(c 27 2
G(a,b;c) — ————G(aq”,bg"; c 9
( ) (1=b)(1—bg) (ag®,bq"; c) (9)
a b (c—0) aq bq
= - + — .
l—a 1-0 (1-=b)\1—aq 1-bq
(10)
» Repeat this process. At nth step, we get
o ()
Gla,b;¢) — —="FLG(ag" " bg" s )
(b)nJrl
= Zn: ct (%)k aqk _ bqk
— () \1—aq® 1—bg~)"

Now letting n — oo, we have

G(a,b;c):ick (i’)k( ag® - >

—ad® 1 —bdk
— b))y \l—ag® 1-10bg
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A,B,C DE (5. (B8 DD g
3¢2<DE”ABC’> (5) (BE). 3¢< BE”A)
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Proof by George Andrews

» For [DE/(ABC)| <1 and |E/A| < 1, we have

5 (A,B,c_q DE)_ (%) oo (BE) o 5 <A,§,3,q E>

3P2 s - 3P2 s Yy =4 | -
D,E ABC (B)y (£Z) D,BE " A

» Let A=¢q,B = %q,C: cq, D = bg and E = cqg? in the above
transformation so that for |a| < 1 and |eg| < 1,
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Proof by George Andrews

» For [DE/(ABC)| <1 and |E/A| < 1, we have

302 (AbBEC;% i;%) = (%) (%)m 302 <A’ %D’Eg 14 E> :
) (B) oo (436) 0o D,gc T A

» Let A=¢q,B = %q,C:cq,D:bq and E = c¢¢® in the above

transformation so that for |a| < 1 and |eg| < 1,

1 @,q,cq 1 quaa
(1—cq)3¢2<gq cq? 34, a :m:@z gq cq;q’cq . (11)
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Proof by George Andrews

» For [DE/(ABC)| <1 and |E/A| < 1, we have

ABC DEY_ (%)u(86)e , (485 E
369 :q, E 302 DE 4

» BC
» Let A=¢q,B = %q,C: cq, D = bg and E = cqg? in the above
transformation so that for |a| < 1 and |eg| < 1,

1 q,cq 1 b q,a
a’ b — c? b . . 11
(1-6(]) ¢2 <bq,cq2 ;4,0 ) (1_a)3¢2 <bq,cq’q’cq ( )

» However, one can observe that
1 a4 ¢q _(1_b) S (g)nan
i-*” <wa’% )‘(a—wgga—«wxwx

1 b ga. R (2),, (ca)"
<1@WQWWWO*1“Z@mWM(wy

n=0

» Using these two expressions and simplifying we can complete
the proof.
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A generalization of Ramanujan’s fourth identity

9G. E. Andrews, F. G. Garvan, J. Liang, Self-conjugate vector partitions

and the parity of the spt-function, Acta Arith. 158 (2013), 199-218.
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A generalization of Ramanujan’s fourth identity

Letting a — 0 and replacing b by zq, we see that
Theorem (Dixit-M.)

For |zq| <1 and |cq| < 1,

n(n+1)

i n 1 nq 5 zq/c )n
= (] .
n=1 1 a Cq Q)n n—l

9G. E. Andrews, F. G. Garvan, J. Liang, Self-conjugate vector partitions
and the parity of the spt-function, Acta Arith. 158 (2013), 199-218.
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A generalization of Ramanujan’s fourth identity

Letting a — 0 and replacing b by zq, we see that
Theorem (Dixit-M.)

For |zq| <1 and |cq| < 1,

n(n+1)

9 nln

q 2 zqc
D
n=1 ") (20)n n=1

o When z = 1, this gives a result of Andrews, Garvan and
Liang?, namely,
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A generalization of Ramanujan’s fourth identity

Letting a — 0 and replacing b by zq, we see that
Theorem (Dixit-M.)

For |zq| <1 and |cq| < 1,

i n ! nq"(”;rl) Z ZQ/C )n
=il 1 - Cq Q)n =1l

o When z = 1, this gives a result of Andrews, Garvan and
Liang?, namely,

o - o0 (_1)n—1qw 1 B (@)
;FFW(C’ e = nzz:l (L—cg")(gn 1-c <1 (CQ)°°> ’

9G. E. Andrews, F. G. Garvan, J. Liang, Self-conjugate vector partitions
and the parity of the spt-function, Acta Arith. 158 (2013), 199-218.
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A generalization of Ramanujan’s fourth identity

Letting a — 0 and replacing b by zq, we see that
Theorem (Dixit-M.)

For |zq| <1 and |cq| < 1,

i n ! nq"(”2+1) Z ZQ/C )n
p— 1 - Cq Q)n =1l

o When z = 1, this gives a result of Andrews, Garvan and
Liang?, namely,
n(n+1)

3 S ) 1 ( (4)oc >
FFW ((c, = = 1— ’
nz::l (c,n)q nzz:l (1 —cq™)(q)n 1—c (c0)o0
where FFW(e,n) := Z (—1)#(m-1 (1 Yot o4 CS(W)%) '
w€D(n)

9G. E. Andrews, F. G. Garvan, J. Liang, Self-conjugate vector partitions
and the parity of the spt-function, Acta Arith. 158 (2013), 199-218.
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Theorem (Dixit-M.)

Let a, b, c be three complex numbers such that |a| < 1 and
leg| < 1. Then

(e.9]

i (b/a) na Z b/c aq _bq
nl(l—cq )m 1—ag™ 1—bgm

=0
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Work with Bhoria and Eyyunni

Theorem (Dixit-M.)

Let a, b, c be three complex numbers such that |a| < 1 and
leg| < 1. Then

i (b/ana i b/c ag™  bg"
= < (1 —cqm) Ym 1—ag™ 1—bgm /"

=0

Theorem (Bhoria-Eyyunni-M.)

Let a, b, c,d be four complex numbers such that |ad| < 1 and
lcql < 1. Then
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Work with Bhoria and Eyyunni

Theorem (Dixit-M.)

Let a, b, c be three complex numbers such that |a| < 1 and
leg| < 1. Then

o0

1—cq =

Theorem (Bhoria-Eyyunni-M.)

Let a, b, c,d be four complex numbers such that |ad| < 1 and

lcq| < 1. Then

> b/a c/d n(ad)”  (a—0b)(d—c) 2. (@) (bd/C) ™

7; cq)n ~ (ad—b) mZ::O (0)m(ad)m
adq™ bg™

X

1—adg™ 1—bgm)"
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Implications of the main theorem

» Letting a — 0 and b = zq, we get a two-variable
generalization of the result of Andrews, Garvan and Liang,

Theorem

For |eq| < 1, we have

> (—z)"(c/d)nd”q"(”+1)/ > qu/cn 1(cq)™
Z (2q)n(cq)n Z .

n=1 n=1

(12)

V.
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Implications of the main theorem

» Letting a — 0 and b = zq, we get a two-variable
generalization of the result of Andrews, Garvan and Liang,

Theorem

For |eq| < 1, we have

> (—z)”(c/d)nd”q”(”+1)/ > qu/cn 1(cq)™
Z (2q)n(cq)n Z .

n=1 n=1

(12)

» Now letting d — 0 in (13), we arrive at a beautiful g-series
identity of Andrews, namely,

Theorem (Andrews)
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Proof of the main theorem

» We shall start the proof by recalling 3¢9 transformation

formula:
4 B c DEY_ (Do) , [4 5 2. F
3¢2 D Ea ’ABC = D Ma(LZ .
(E) (ABC) BC
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Proof of the main theorem

» We shall start the proof by recalling 3¢9 transformation
formula:

A, B, ¢ DE] (B B8, . [4
3¢2 D Ea ’ABC = d)

’ (E)OO(ABC)
» Setting A =¢, B =%

2. C=*4%, D=bq, E=cq® above, we
get,
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Proof of the main theorem

» We shall start the proof by recalling 3¢9 transformation

formula:

BN LN NN
D, E"TABC| (B) (450) o D, pc A

» Setting A =¢q, B = %q, C=%9, D=10q, E= cq® above, we

get,

|0 g ad] < O g a0 ).
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Proof of the main theorem

» We shall start the proof by recalling 3¢9 transformation

formula:
¢{A B, C DE]_(ﬁ) (DE)ood){ b, o E]
392 D Ea ’ABC (E) (ABC) 2 _D, %’(LA
» Setting A =¢q, B = %q, C=%9, D=10q, E= cq® above, we
get,
bg < dq) bd

q, a d . dl = (CQ)oo(a q)oo q, a c .

3¢2 |: bq, qu’q’a :| (qu)oo(ad)oo 3¢2 bq, adqaq7 Cq .

» In other words,

i (bq/a)n(cq/d)n(ad)” (1 —cq) > bd/c m(cq)™
= (bg)n(cq®)n (1-ad) 4 m(adq)m
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Proof of the main theorem

» We shall start the proof by recalling 3¢9 transformation
formula:

¢{A B, C DE]_(ﬁ) (DE)ood){ B,z E]
3P2 D Ea ’ABC (E) (ABC) 2 _D, %’(LA
» Setting A =¢q, B = %q, C=%9, D=10q, E= cq® above, we
get,
by« dq) bd
q, a d . dl = (CQ)oo(a q)oo q, a c .
3¢2 |: bq, qu’q’a :| (qu)oo(ad)oo 3¢2 bq, adqaq7 cqf .

» In other words,

i (bq/a)n(cq/d)n(ad)” (1 —cq) > bd/c m(cq)™
= (bg)n(cq®)n (1 —ad) =~ m(adq)m

» Multiplying by W on both sides and simplifying

one can complete the proof.
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A generalization of Bressoud and Subbarao’s identity

Theorem (Bressoud-Subbarao)

For any integer m > 0 and n € N,

s(m)
Yo EDFOTN ) = s(m) + )" =D d™ (14)
j=1

w€D(n) d|n
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Theorem (Bressoud-Subbarao)

For any integer m > 0 and n € N,

s(m)
Yo EDFOTN ) = s(m) + )" =D d™ (14)

T€D(n) j=1 dln

Theorem (Bhoria-Eyyunni-M.)

Form € Z, n € N and a € C we have,

Z #(m)— 12 j)m L(m)—s(m)+j _ dead.

w€D(n) dn
(15)
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Theorem (Bressoud-Subbarao)

For any integer m > 0 and n € N,

s(m)
Yo EDFOTN ) = s(m) + )" =D d™ (14)

T€D(n) j=1 dln

Theorem (Bhoria-Eyyunni-M.)

Form € Z, n € N and a € C we have,
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Recall Entry 4 of Ramanujan

ZE: 1 _,q ) - j{: 1 _,qn'

n=1

0
» Now if we apply the operator D[f,(a)] := aa—{fq(a)}

a
successively m-times on the right hand side expression then we
get
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Recall Entry 4 of Ramanujan

1—q ) :Zl—q"'

» Now if we apply the operator D[f,(a)] := a%{fq(a)}

successively m-times on the right hand side expression then we

n=1

get
ot nmanqn .
I D
n=1 n=1
00
S (S|
n=1 \ d|n
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Recall Entry 4 of Ramanujan

n=1 1 _>q ) n=1 1-_>q

0
» Now if we apply the operator D[f,(a)] := aa—{fq(a)}
a
successively m-times on the right hand side expression then we

get
nmagm
S Sy
n=1 n=1
)
— ZE: j§::dn1ad qn
n=1 \ d|n

» But if we apply the same operator successively m-times on

the left hand side, the final expression becomes complicated.
24 /31
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Weighted partition identity arising from Entry 4

» Entry 4 has an appealing weighted partition implication,
Lemma (Dixit-M.)

V.
Lemma

Let k € N, r € NU{0} and let Fy(a) :=a"(a +a? +--- + a*).
Then, for each m € N,

D™ [Fy(a)] = (r+1)"a (R (r+ 2)mar+2 +- 4 (r+ k)mar"'k
k

Zr—i—jm 45 (17)

» Now apply this lemma with Fy(a) := a"(a + a® + - - + a*)

9
1N N 1 1\ 25 /31
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w€D(n) J=1 dn
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FormeZ,n eN and a € C we have,

S(W)

Z -1 ])m L(m)—s(m)+j _ dead.

w€D(n) J=1 dn

B To prove this identity for negative integer m, we have to
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apply the integral operator I[f(a)] := ~—~dt successively

m-times on the both sides of the following lemma:
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How to prove for negative integer m?

Theorem (Bhoria-Eyyunni-M.)

Form e Z, n € N and a € C we have,

S(W)

Z -1 ])m L(m)—s(m)+j _ dead.

w€D(n) J=1 dn

B To prove this identity for negative integer m, we have to

“f()

m-times on the both sides of the following lemma:

apply the integral operator I[f(a)] := ~—~dt successively

Lemma (Dixit-M.)
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divisor function.

27 /31



A new weighted partition identity

We found a new weighted partition identity that connects the
divisor function.

Theorem (Bhoria-Eyyunni-M.)

Let D*(n) be the collection of partitions of n, where only the
largest part appears exactly twice and other parts are distinct
and #(m) > 3. Then,
_ n _)#(-1 _
dn) =1+ |z| = 3 (DFOsp(m —s(m),  (19)

TE€D*(n)

where so(m) denotes the second smallest part of .
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A new weighted partition identity

We found a new weighted partition identity that connects the
divisor function.

Theorem (Bhoria-Eyyunni-M.)

Let D*(n) be the collection of partitions of n, where only the
largest part appears exactly twice and other parts are distinct

and #(m) > 3. Then,

n

dn) =1+ |z| = 3 (DFOsp(m —s(m),  (19)

TE€D*(n)

where so(m) denotes the second smallest part of .

Theorem (Bressoud-Subbarao)
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» Verification of our result, for n =9,

Partition m € D*(9) | #(m) | sa(m) — s(m) | (=1)#F D1 (sy(7) — s(n)
44441 3 3
3+3+2+1 4 1 -1
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44441 3 3
3+3+2+1 4 1 -1

Thus, the right hand side is 1+ |§]| —2=1+4—-2=3=d(9).
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» Verification of our result, for n =9,

so(m) — s(m)

(—D)#0 " (s5(m) — s(m)

44441

3

3+3+2+1

Partition m € D*(9) | #(n)
3
4

1

—1

Thus, the right hand side is 1+ |§]| —2=1+4—-2=3=d(9).
» Verification of Bressoud and Subbarao’s identity, for n = 9,

Partition m € D(9) | #(n) | s(7) | (=1)#™~1s(x)

9 1 9 9

8+1 2 1 —1

7T+2 2 2 -2

6+3 2 3 -3
64+2+1 3 1 1
5+4 2 4 —4
o+3+1 3 1 1
4+3+4+2 3 2 2

28 /31



Recall: All generalizations

29/31



Recall: All generalizations

Entry 3: For |a| < 1 and |b| < 1, we have

> (b/a)pa™ B > a" — b
L -0 T

n=1

29/31



Recall: All generalizations

Entry 3: For |a| < 1 and |b| < 1, we have

o
a” —b"

o _(b/a)pa™
D IO S

(Dixit-M.) Let a, b, ¢ be three complex numbers such that
la] <1 and |cg| < 1. Then

= (bfa)aa N (be)me™ ( ag™ by )

nzl (1—cq)(b)n O)m  \1—ag™ 1—bgm

m=0
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Recall: All generalizations

Entry 3: For |a| < 1 and |b| < 1, we have

i (b/a)pa™ i a” —b"

2 a—, = i-g
(Dixit-M.) Let a, b, ¢ be three complex numbers such that
la] <1 and |cg| < 1. Then

()t BfIme™ [ ag™ "
Z (1—cq)(b)p, Z (b)m (1 —agm 1-— qu) ’

n=1 m=0

(Bhoria-Eyyunni-M.) Let a, b, ¢, d be four complex numbers
such that |ad| < 1 and |cg| < 1. We studied

i (b/a)n(c/d)n(ad)™
(0)n(cq)n
e Recently, Gupta and Kumar studied following g-series

i T (&), " keN.

k 9
1 _qn) (Q)n 29 /31
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