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Notation

q a prime power

Fq finite field with q elements

Fnq vector space of all n-tuples over Fq

GLn(q) group of n× n invertible matrices over Fq

Mn(q) set of n× n matrices over Fq

γn(q) order of the group GLn(q)

γn order of the group GLn(q) with q understood

[n] the set {1, 2, . . . , n} for n ∈ N
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q-Analogues

A q-analogue of a mathematical object is an object depending on the
variable q that “reduces to” (an admittedly vague term) the original
object when we set q = 1.
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A q-Analogue of permutations as bijections

Let [n] be regarded as a set of n elements. A permutation w of the set
[n] is a bijection w : [n]→ [n] preserving the “structure” of [n].

Hence a q-analogue of a permutation w is a bijection A : Fnq → Fnq
preserving the structure of Fnq . Thus GLn(q) is a q-analogue of the
symmetric group Sn.
The structure under consideration is that of a vector space, so A is
simply an invertible linear transformation on Fnq .

The number of invertible n× n matrices over Fq is given by

γn(q) := |GLn(q)| = (qn − 1)(qn − q)(qn − q2) . . . (qn − qn−1).

= q(
n
2)(q − 1)n[n]q!
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Gaussian Binomial Coefficient

The number of k-dimensional subspaces of an n-dimensional vector space
over Fq is given by the Gaussian binomial coefficient(

n

k

)
q

=
(qn − 1)(qn − q)(qn − q2) . . . (qn − qk−1)

(qk − 1)(qk − q)(qk − q2) . . . (qk − qk−1)

=
[n]q!

[k]q![n− k]q!
,

where [n]q := qn−1 + qn−2 + · · ·+ 1 is called ‘the q-analogue of n’ and

[n]q! := [n]q[n− 1]q . . . [1]q is called ‘the q-analogue of n!’.

For q = 1, it reduces to normal binomial coefficient and hence a
q-analogue of the number of k-element subsets of an n-element set.
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A q-Analogue of n!

A flag of length k in a vector space V is an increasing sequence of
subspaces

{0} = V0 ⊂ V1 ⊂ V2 ⊂ · · · ⊂ Vk = V.

If dim V = n, then a complete flag is a flag of length n. Necessarily,
dim Vi = i.

The number of complete flag of an n-dimensional vector space over Fq is(
n

1

)
q

(
n− 1

1

)
q

. . .

(
1

1

)
q

= [n]q[n− 1]q . . . [1]q = [n]q!.

Now n! is the number of sequences φ ⊂ S0 ⊂ S1 ⊂ · · · ⊂ Sn = [n] of
subsets of [n]. Thus [n]q! is regarded as a satisfactory q-analogue of n!.
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An Example : Linear Codes

An [n, k] linear q-ary code is a k-dimensional subspace of the space of
Fqn.

Thus, the number of [n, k] linear q-ary codes is the Gaussian binomial
coefficient

(
n
k

)
q

Similarly, an [n, k] linear binary code is a k-dimensional subspace of the
space of F2

n.

So, the number of [n, k] linear binary codes is the Gaussian binomial
coefficient

(
n
k

)
2
.
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An Application: Matrices by Rank

The number of m× n matrices of rank k over Fq is(
m

k

)
q

(qn − 1)(qn − q) · · · (qn − qk−1)

=
(qm − 1)(qm − q) · · · (qm − qk−1)(qn − 1)(qn − q) · · · (qn − qk−1)

(qk − 1)(qk − q) · · · (qk − qk−1)
.

To justify the formula, note that the number of k-dimensional
subspaces of Fmq to serve as the column space of a rank k matrix is(
m
k

)
q
. Identify the column space with the image of the associated

linear map from Fnq to Fmq .

There are (qn − 1)(qn − q) · · · (qn − qk−1) surjective linear maps
from Fnq to that k-dimensional image.
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Generating Functions

Let a0, a1, a2, . . . be a sequence of real numbers. Then the formal power
series

A(x) =
∑
n≥0

anx
n

is called the ordinary generating function for the sequence {ai}i≥0.

We will consider generating functions of the form

1 +
∑
n≥1

an
γn
un

where the sequence an counts some class of n× n matrices.
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A ∈ Mn(q) as Fq[x]-Module

Given A ∈ Mn(q), then A defines a Fq[x]-module on the vector space
Fnq , where the action of x is that of A defined by x.v = Av for v ∈ Fnq .

Using structure theorem for finitely-generated modules over PID’s, this
module is isomorphic to a direct sum

k⊕
i=1

li⊕
j=1

Fq[x]/ < φ
λi,j
i >

where φ1, . . . , φk are distinct monic irreducible polynomials; for each i,
λi = (λi,1, λi,2, . . . , λi,li) such that λi,1 ≥ λi,2 ≥ . . . ≥ λi,li is a partition
of ni =

∑
j λi,j corresponding to φi.

Moreover, the characteristic polynomial det(xI −A) of A is given by

det(xI −A) =

k∏
i=1

φnii .

Since A is a n× n matrix, it follows n =
∑
i nidegφi.
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Cyclic Decomposition Theorem

Let T be a linear operator on a finite-dimensional vector space V . There
exists non-zero vectors α1, . . . , αr in V with respective T -annihilators
p1, . . . , pr such that

(i) V = Z(α1;T ) ⊕ · · · ⊕ Z(αr;T );
(ii) pk divides pk−1, k = 2, . . . , r.

Furthermore, the integer r and the polynomials p1, . . . , pr are uniquely
determined by (i), (ii), and the fact that no αk is 0.

Here, Z(α;T ) = span {α, Tα, T 2α, . . . , T d−1α} is the cyclic
subspace generated by α, where d is the degree of the T - annihilator of α.
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Similarity Class Type

The similarity class of A is determined by the data consisting of the
finite set of distinct monic irreducible polynomials φ1, . . . , φk and
the corresponding partitions λ1, . . . , λk.

If di is the degree of φi, then the similarity class type or type of A is
the data consisting of the finite multiset {(d1, λ1), . . . , (dk, λk)}.
For instance, if

Fq [x]
(x+1)2 ⊕

Fq [x]
(x+1) is the module corresponding to a

matrix A, then the similarity class of A is {x+ 1, (2, 1)} while the
similarity class type of A is {1, (2, 1)}.
Thus, the type of T remembers only the degrees of the polynomials
(and not the polynomials themselves) for which φi takes a certain
value λi.
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Cycle Index of Mn(q)

Φ Set of all nonconstant irreducible monic polynomials φ over Fq.
Λ Set of all partitions of all nonnegative integers.

For every φ ∈ Φ and every partition λ 6= ∅, λ ∈ Λ, let xφ,λ be an
indeterminate. If λ = ∅, then set xφ,λ = 1. The cycle index for
conjugation action of GLn(q) on Mn(q) is a polynomial in the
indeterminates xφ,λ defined by

1

γn

∑
A∈Mn(q)

∏
φ∈Φ

xφ,λφ(A)

where λφ(A) is the partition associated to φ in the conjugacy class data
for A. If φ does not occur in the polynomials associated to A, then
λφ(A) is the empty partition, and thus xφ,λφ(A) = 1.
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Generating Function for Cycle Index of Mn(q)

We construct the generating function for the cycle index

1 +
∑
n≥1

un

γn

∑
A∈Mn(q)

∏
φ∈Φ

xφ,λφ(A).

Theorem (Kung; 1981)

We have

1 +
∑
n≥1

un

γn

∑
A∈Mn(q)

∏
φ∈Φ

xφ,λφ(A) =
∏
φ∈Φ

∑
λ∈Λ

xφ,λu
|λ|deg φ

cφ(λ)
,

where cφ(λ) is the order of the group of module automorphisms of the
Fq[x]-module

⊕
j Fq[x]/ < φλi > .
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Some Important Results

Lemma

Let Φ′ be a subset of the irreducible monic polynomials. Let an be the
number of n× n matrices whose conjugacy class data involves only
polynomials φ ∈ Φ′ . Then

1 +
∑
n≥1

an
γn
un =

∏
φ∈Φ′

∑
λ∈Λ

u|λ| deg φ

cφ(λ)

=
∏
φ∈Φ′

∏
r≥1

(
1− udeg φ

qr deg φ

)−1

.
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Some Important Results

Lemma

For each irreducible monic polynomial φ, let Lφ be a subset of all
partitions of the positive integers. Let an be the number of n× n
matrices such that λφ(A) ∈ Lφ for all φ. Then

1 +
∑
n≥1

an
γn
un =

∏
φ∈Φ

∑
λ∈Lφ

u|λ| deg φ

cφ(λ)
.
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Diagonalizable Matrices

Let dn be the number of diagonalizable n× n matrices over Fq. Then

1 +
∑
n≥1

dn
γn
un =

( ∑
m≥0

um

γm

)q
.

It follows that
dn =

∑
n1+···+nq=n

γn
γn1

. . . γnq
.
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Solutions of A2 = I

Let an be the number of n× n matrices A over Fq satisfying A2 = I.

In characteristic other than two, the generating function for the an is

1 +
∑
n≥1

an
γn
un =

( ∑
m≥0

um

γm

)2

,

and so

an =

n∑
i=0

γn
γiγn−i

.

In characteristic two, A2 = I does not imply that A is diagonalizable and
the above formula does not hold. Here, we have the formula

an =
∑

0≤i≤n/2

γn
qi(2n−3i)γiγn−2i

.
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Solutions of Ak = I

More generally, let k be a positive integer not divisible by p, where q is a
power of p. We consider the solutions of Ak = I and let an be the
number of n× n solutions with coefficients in Fq. Now zk − 1 factors
into a product of distinct irreducible polynomials

zk − 1 = φ1(z)φ2(z) . . . φr(z).

Then the generating function for the an is

1 +
∑
n≥1

an
γn
un =

r∏
i=1

∑
m≥0

umdi

γm(qdi)
,

where γj(q
d) = |GLj(q

d)|.
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Cyclic Matrices

vd number of irreducible monic polynomials of degree d over Fq

A matrix A is cyclic if there exists a vector v such that
{Aiv | i = 0, 1, 2, . . .} spans the underlying vector space. Equivalently,
the minimal and characteristic polynomials of A are the same.

Let an be the number of cyclic matrices over Fq. The generating
function factors as

1 +
∑
n≥1

an
γn
un =

∏
d≥1

(
1 +

1

qd − 1

ud

1− (u/d)d

)vd
and can be put into the form

1 +
∑
n≥1

an
γn
un =

1

1− u
∏
d≥1

(
1 +

ud

qd(qd − 1)

)vd
.
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Semi-Simple Matrices

A matrix A is semi-simple if it diagonalizes over the algebraic closure of
the base field.

Let an be the number of semi-simple n× n matrices over Fq. Then the
generating function has a factorization

1 +
∑
n≥1

an
γn
un =

∏
d≥1

(
1 +

∑
j≥1

ujd

γj(qd)

)vd
.
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Separable Matrices

A matrix is separable if it is both cyclic and semi-simple, which is
equivalent to having a characteristic polynomial that is square-free.

Let an be the number of separable n× n matrices over Fq. Then the
generating function factors

1 +
∑
n≥1

an
γn
un =

∏
d≥1

(
1 +

ud

qd − 1

)vd
.
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Niloptent Matrices

An n× n matrix A is nilpotent if there exists a positive integer r such
that Ar = 0.

Equivalently, A is nilpotent if and only if all its eigenvalues are 0.

(Fine and Herstein) The number of nilpotent n× n matrices is qn(n−1).
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α-Splitting Subspace

For V = Fqmd , let α ∈ Fqmd and T is Fq-linear endomorphism of
Fqmd given by x→ αx. Then we call any m-dimensional subspace
W of Fqmd as α-splitting if

Fqmd = W ⊕ αW ⊕ . . .⊕ αd−1W,

and denote by σ(m, d;T ) the number of m-dimensional α-splitting
subspaces of Fqmd .

Note: For an arbitrary α ∈ Fqmd , there may not be any α-splitting
subspace; e.g., if α ∈ Fq and d > 1. However, if α ∈ Fqmd satisfies
Fqmd = Fq(α), then a α-splitting subspace exists, e.g.,

W = span{1, αd, α2d, . . . , α(m−1)d}.
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Splitting Subspace Theorem

Let α ∈ Fqmd be such that Fqmd = Fq(α). Then what is σ(m, d;T )?

Splitting Subspace Theorem (E. Chen, D. Tseng; 2013)

Let α ∈ Fqmd satisfy Fqmd = Fq(α). Then

σ(m, d;T ) =
qmd − 1

qm − 1
qm(m−1)(d−1).

.
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T-Splitting Subspaces

Given an md-dimensional vector space V and any Fq-linear
endomorphism T : V → V , we say that an m-dimensional subspace W of
V is T -splitting if

V = W ⊕ T (W )⊕ T 2(W )⊕ · · · ⊕ T d−1(W ),

where T j denotes the j-fold composite of T with itself (0 ≤ j ≤ d− 1)
and denote by σ(m, d;T ) the number of m-dimensional T -splitting
subspaces of V .
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Some Special Cases

If d = 1, then W = V is obviously the only m-dimensional
T -splitting subspace, for any T : V → V and thus σ(m, 1;T ) = 1.

If m = 1, then the existence of m-dimensional T -splitting subspaces
of V evidently forces T to be cyclic and the minimal polynomial of
T to be the characteristic polynomial of T .

Proposition (S.R. Ghorpade, S. Ram; 2012)

Let T : V → V be a cyclic Fq-linear endomorphism and let pT ∈ Fq[X]
be the minimal polynomial of T . Suppose pT = fe11 · · · f

ek
k is the

factorization of pT into positive powers of distinct monic irreducible
polynomials fi ∈ Fq[X] with deg (fi) = ni for i = 1, . . . , k. Then

σ(1, d; q) =
qd

q − 1

k∏
i=1

(
1− 1

qni

)
.

Divya Aggarwal, Department of Mathematics, IIIT Delhi Enumeration of Matrices and Splitting Subspaces over Finite Fields



Some Special Cases

If d = 1, then W = V is obviously the only m-dimensional
T -splitting subspace, for any T : V → V and thus σ(m, 1;T ) = 1.

If m = 1, then the existence of m-dimensional T -splitting subspaces
of V evidently forces T to be cyclic and the minimal polynomial of
T to be the characteristic polynomial of T .

Proposition (S.R. Ghorpade, S. Ram; 2012)

Let T : V → V be a cyclic Fq-linear endomorphism and let pT ∈ Fq[X]
be the minimal polynomial of T . Suppose pT = fe11 · · · f

ek
k is the

factorization of pT into positive powers of distinct monic irreducible
polynomials fi ∈ Fq[X] with deg (fi) = ni for i = 1, . . . , k. Then

σ(1, d; q) =
qd

q − 1

k∏
i=1

(
1− 1

qni

)
.

Divya Aggarwal, Department of Mathematics, IIIT Delhi Enumeration of Matrices and Splitting Subspaces over Finite Fields



Determination of σ(m, d;T )

Open Problem

Determine σ(m, d;T ) for every Fq-linear endomorphism T of V.
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Splitting Subspaces for Cyclic Nilpotent Operators

Proposition (A. and S. Ram; 2020)

Let T and T ′ be similar linear operators on an md-dimensional vector
space V . Then σ(m, d;T ) = σ(m, d;T ′).

Sketch of the proof : There exists a linear isomorphism S of V such that
T ′ = S ◦ T ◦ S−1.
Then W is a splitting subspace for T if and only if SW is a splitting
subspace for T ′.

Theorem (A. and S. Ram; 2020)

Let T be a cyclic nilpotent operator over Fq . Then

σ(m, d;T ) = qm
2(d−1).

.
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Similarity class type and Splitting subspaces

Theorem (A. and S. Ram; 2020)

Suppose T and T ′ are two operators of the same similarity class type
defined on an md-dimensional vector space over Fq.Then
σ(m, d;T ) = σ(m, d;T ′).

Define σq(m, d; τ) to be the number of m-dimensional splitting
subspaces for a linear operator of similarity class type τ defined over an
Fq-vector space of dimension md.

Theorem (A. and S. Ram; 2020)

If m, d, τ are fixed, then σq(m, d; τ) is a polynomial in q.
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Future Directions

Conjecture: σq(m, d; τ) is a polynomial in q of degree m2(d− 1).

Determine σ(m, d;T ) for every Fq-linear endomorphism T of V.
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Thank you for your attention!

Divya Aggarwal, Department of Mathematics, IIIT Delhi Enumeration of Matrices and Splitting Subspaces over Finite Fields


