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Partitions

4=4, 4=3+1, 4=242 4=2+1+1 4=14+1+1+1

Hirakjyoti Das July, 2020 3/26



Partitions

4=4, 4=3+1, 4=242 4=2+1+1 4=14+1+1+1
For each of the sums,
4), 1), (2,2, (2,1,1), (1,1,1,1).

These above sequences are called the partitions of 4 and the summands/terms are called the
parts of the partitions of 4. In general,

A partition A := (A1, X2, A3, ..., \k) of a positive integer n, is a finite non-increasing sequence
of positive integers (the \;s) such that n = A1 + X2 + Az + - + Ag.
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The partition function and the generating function

p(n):= Number of partitions of a positive integer n.

The generating function for the number of partitions of n,
p(n) was given by L. Euler (1707-1783).

Look at the following binomial expansions,

1
ﬁ:1+q1+q2+q3+”_:1+q1+q1+1+q1+1+1+“_

1
- =14+ 4+ + =1+ + P+ 4

So that

1
1_7,;1:(1+q1+q”1+~~~)'(1+q2+q2+2+~~)~(1+q3+q3+3+~~)~~

—

I
hA

J
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The partition function and the generating function

Now, if we want get the coefficient of g3 from the series expansion of

1
[[—5=0+a"+a"+ ) A+ @+ a2+ ) QA+ @+ PP+ )

then the contributors are

3. g2+l and gltitl,

q k)
Therefore,

Coefficient(q%) = p(3).
In general,

Coefficient(q") = p(n).
So,

- n_oo 1 . p—
nz:%p(n)q _J.I:Jl:ilqu' p(0) = 1.
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A very very

S. Ramanujan (1887-1920) first found

p(5n+4) =0 (mod 5),
p(7n+5) =0 (mod 7),
p(11n+6) =0 (mod 11).

1
1—¢

n
N.B. Integer power of the generating function of p(n), viz. (H ) generates the

n-colored partitions.

1

Thought: What if we raise Hl 7 to a rational number t!

L . . I
Question: Can we interpret the coefficients in the series expansion of (H I qJ)

combinatorially? Is it worth studying the coefficients?
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A few notation

For complex numbers a, and g such that |q| < 1,

(a:@)oc = lim (a1q)n = lim [](1-a¢) =[](1 - ad),
j=0 =0
and
En:=(9"a"o = [ [(1 - q").
j=1

For example,

Eri=(1-q)-(1-q°)-(1—¢q°)--.
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Fractional partition functions: Chan and Wang's work

For any non-zero rational number t, we define

oo
S pi(n)a” = L
n=0
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Fractional partition functions: Chan and Wang's work

For any non-zero rational number t, we define

oo
S pi(n)a” = L
n=0

11305 ,
gt +-

19 343
P+ @+

~1/6 1
ETVo 14
1 T30t m o 24 .34 27.35
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Fractional partition functions: Chan and Wang's work

For any non-zero rational number t, we define

S pn)a” — Ef.

n=0

11305 ,
gt +-

343
@+

~1/6 _ 1 19
E =1+ a+ 4. 34 27.35

2
2-3 23~32q+2

S. T. Ng [Undergraduate Thesis, Singapore, 2003] proved, for all n > 0,

P—2/3(19n +9) = 0 (mod 19).
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Fractional partition functions: Chan and Wang's work

For any non-zero rational number t, we define

S pn)a” — Ef.

n=0

_ 1 19
E Voo14 g+

343, 11305
2397 23329 e+

4
4. 34 57 .35 e

2
+ 2
S. T. Ng [Undergraduate Thesis, Singapore, 2003] proved, for all n > 0,

P—2/3(19n +9) = 0 (mod 19).

Theorem (Chan and Wang [Acta Arith., Vol. 187(1), 2019])

For any integer n and prime £, let ordy(n) denote the integer k such that £5 | n and £Kt1 ¢ n.
Let t = a/b, where a,b € Z, b > 1 and gcd(a, b) = 1. Then

denom(pt(n)) = b" HZ°rd‘3("!).
£lb

N.B. The denominators of both p¢(n) and t have the same prime divisors.
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Fractional partition functions: Chan and Wang's work

Theorem (Chan and Wang [Acta Arith., Vol. 187(1), 2019])

Suppose a,b,d € Z, b > 1 and gcd(a, b) = 1. Let £ be a prime divisor of a+ db and 0 < r < £.
Suppose d, £ and r satisfy any of the following conditions:

1. d =1 and 24r + 1 is a quadratic non-residue modulo ¢;
2. d =3 and 8r + 1 is a quadratic non-residue modulo £ or 8r + 1 = 0 (mod ¥¢);
3. d€{4,8,14}, £ =5 (mod 6) and 24r + d = 0 (mod ¢);
4. d € {6,10}, £ > 5 and £ = 3 (mod 4) and 24r + d = 0 (mod ¢);
5. d =26, £ =11 (mod 12) and 24r + d = 0 (mod ¢).
Then, for n > 0,

P—a/b(n+r) =0 (mod £).

For example,

p—1/3(5n+r) =0 (mod 5), r€ {234},
p—2/3(5n+r) =0 (mod 5), r e {3,4},
p—1/2(Tn+r) =0 (mod 7), re€{2,4,5,6}.
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Fractional partition functions: Chan and Wang's work

Chan and Wang conjectured 17 congruences for elementary proofs. Some of them are in the
following theorem.

Theorem (Chan and Wang [Acta Arith., Vol. 187(1), 2019])

For n > 0, we have

p1/2(125n+r) =0 (mod 25), € {38,63,88,113},
p2/3(25n+r) = 0 (mod 25), r € {19,24},
p1/4(25n + r) = 0 (mod 25), r € {14,24},

p1/4(25n +19) = 0 (mod 125),

)

)

)

p—1/3(25n+r) =0 (mod 125), r € {18,23},
p—3/4(25n + r) = 0 (mod 25), r € {13,23},
p—3/4(25n +18) = 0 (mod 125),

and

p—3/4(125n + r) = 0 (mod 3125), r € {93,118}.
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The Rogers-Ramanujan continued fraction

The Rogers-Ramanujan continued fraction is defined as

R(q) == —

1/5
q q
- <1,
1 +1 lal

¢ @
T+ 1+

+1+

which has the following well-known g-product representation

175 (45 9°)oo(q*: 6°) o

R(q) = ST JooRd 7 V%
(@)=4q (6% 6°)o (0% 4°) o
In some of the next slides
_ q\/5
RO = 2y
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A very important dissection

n-dissection of E; (Berndt, [Ramanujan’s notebook part Ill, Springer, 1991])

For integer n > 1 with n = £1 (mod 6), if n = 6g + 1, where g > 1, then

2_ o 2
n 21n;qn )oo

w-n2 2in, o
EL = Ep <(_1)gq(n21)/24+ 3 (_1)1+gq07g)(3173g71)/2(q 9" )eo(q

= CE A G

while if n = 6g — 1, where g > 1, then

2

(n=1)/2 2jn. n? n2—2jn. n
—E,( (—1)pq 12 4 Z (—1y*8qU-e)-3e+1)/2(07:@" Joo(q” T2 6" Joo
(" 9" ) oo (@™ =" 4™ ) oo

)
)

v
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A very important dissection

n-dissection of E; (Berndt, [Ramanujan’s notebook part Ill, Springer, 1991])

For integer n > 1 with n = £1 (mod 6), if n = 6g + 1, where g > 1, then

(n—1)/2 2jn. . n? n?—2jn. n?
a_ i i—e)3i—3g—1)/2 (@1 9" )oo (@™ "4 9" )0
Ei=E» (_1)gq(n /24 2 : (_1)1+gq0 g)(3j—3g-1)/2 i ,
’ < j=1 CE A G

while if n = 6g — 1, where g > 1, then
2

(n=1)/2 2jn. n? n2—2jn. n
= E [ (~1)EqP-D/2 4 Z (—1)+E gU-0)E—3e+1)/2(97"3 z)oo(‘? il i Joo }
(" 9" ) oo (@™ =" 4™ ) oo

v

For example, when n =5

2
£, = Exs (R(qs) —q- Rf’qs)) :
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Fractional partition functions: Some congruences modulo powers of 5

Theorem (Baruah and Das)

For all n > 0, we have

p—1/6(25n+r) =0 (mod 25), r €4{9,14,19,24},
p1/6(125n + r) = 0 (mod 25), r € {96,121},
p—5/6(125n + r) = 0 (mod 25), r € {95,120},
ps/6(25n + r) = 0 (mod 125), r € {15, 20},

and

ps/6(125n + r) = 0 (mod 625), r € {65,70}.

N.B. The method used to find the above theorem lets us prove all the conjectural congruences

modulo powers of 5 by Chan and Wang.
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Fractional partition functions: A general family of congruences

Theorem (Baruah and Das)

Let £ > 5 be a prime and k > 1 and s be positive integers such that s < |k/2]. Then, for all
n > 0, we have

0 —24(0/24])0%s1 —1
P_(gk_b)/b (525 . n+£25*1 o (s ( I. / J) )

=0 (mod ¢k—2s+1)
24

where 0 < r < £, r# |£/24], and (¢, b) = 1.
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Fractional partition functions: A general family of congruences

Theorem (Baruah and Das)

Let £ > 5 be a prime and k > 1 and s be positive integers such that s < |k/2]. Then, for all
n > 0, we have

(6—24[0/24])¢>1 —1
24

P (¢k—b) /b (525 . n+g2571 Sr+ ) =0 (mod €k725+1)7

where 0 < r < £, r# |£/24], and (¢, b) = 1.

Some cases, when £ =5, b = 1567, and k =5

P_1ss8/1567(5°n + 5r +1) = 0 (mod 5%), r € {1,2,3,4},
p—1s58/1567(5*n + 5°r +26) = 0 (mod 5°), r € {1,2,3,4}.

N.B. The sequences (52n + 5r + 1) and (5%n + 53r 4 26) do not have common terms.
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Fractional partition functions: Congruences modulo powers of 5, 7, and 11

Using dissections of E127 we find

Theorem (Baruah and Das)

Let k > 1 and s be positive integers such that s < | k/2]. Then, for all n > 0, we have

25_1

5
P_(sk—2b)/b (525 n+5%71 4 ) =0 (mod 5K=2*1) r € {1,2,3,4},

7% —1
p—(7’<—2b)/b(72s T TET ) =0 (mod 76721), re{1,2,...,6},
and
25 2m1 o, 117 -1 _ k—2s+1
P_(11k—2py/b | 117 - n+11 r+ T =0 (mod 11 ), ref{1,2,...,11},

where b's in the above congruences are co-prime to the moduli.

N.B. Similar congruences do not hold true for prime 13.
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Fractional partition functions: Congruences modulo powers of 3, 5 and 7

Using dissections of Ef’ and Ef, we find

Theorem (Baruah and Das)

Let k, m and s be positive integers such that s < m+ 1. Then, for all n > 0, we have

321
p,(3k+m,3b)/b(325 n43¥ 1. 5 ) =0 (mod 3KTM=st1) e (1,2},
2s 2s—1 525 -1 — k+m—s+1
P_(sk+m_3p)/p| 57 - N+ 5 r+ 5 =0 (mod 5 ), ref{l1,2,3,4},
2s | 25—1 S =l = k+m—s+1
P_(sk+m_apy/p| 577 - n+5 r+ = =0 (mod 5 ), ref{1,2,3,4},
and
2s | 2s—1 725 =1 — k+m—s+1
P_(zkim_3pyp| 7T 0+ T r+ =0 (mod 7 ), ref{1,2,...,6},
where b's in the above congruences are co-prime to the moduli.
v
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Fractional partition functions: Congruences modulo powers of 3, 5, and 7

Using dissections of E?, E¥, and E}*, we find

Theorem (Baruah and Das)

Let k > 1 and s be positive integers such that s < | k/2|. Then, for all n > 0, we have

3% -1

P_(3k—6b)/b (325 n+3%71 ) =0 (mod 3%), re{1,2},

2 251 2.5%71 1 K
pseamy(57 b5t B L) S0 (mod ), re (0.2,3.4),
2s 2s—1 e K
P_(sk—1ab)/b\ 5" N +5 ~r+T =0 (mod 5%), re{0,1,3,4},
and
2s 25—1 -7 1N K
P_(7k—eby/b\ 1 N+ 7 .r+f =0 (mod 7%), re{0,2,3,4,5,6},

where b's in the above congruences are co-prime to the moduli.
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Fractional partition functions: Balanced congruences

Theorem (Baruah and Das)

Let kK > 1 be an odd integer. Then, for all n > 0, we have

3k 1

Z ) =0 (mod 3¥),

p—(ak—ab)/b(3k "n+

p—(sk—sb)/b<5k n+ Ls,_l) =0 (mod 5%),
pf(5k714b)/b(5k n+ %) =0 (mod 5%),

and
P—_(7%—6b)/b <7k “n+ #) =0 (mod 7%),

where b's in the above congruences are co-prime to the moduli.
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Fractional 2-color partition functions

For any non-zero rational number t and integer r > 1, we define
oo
> purg(na” = (B
n=0

For instance,

17, 451 5 6191 , 12053 , 2845933 ¢ o).

1
EE)/=1—-—q- -
(EL1E3) 539 5. 59

24,34q_27,35q_28‘36q 210.38q

Therefore, it is also meaningful to explore congruences for p[ly,;t](n) modulo powers of prime /¢

such that £1 denominator of t.
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Fractional 2-color partition functions: Congruences modulo primes

Theorem (Baruah and Das)
Suppose a,b,d € Z,b > 1 and (a,b) = 1. Let £ be an odd prime divisor of a + db and
0 < r < £. Suppose d, £ and r satisfy any of the following two conditions:

1. d=2,¢=3(mod 4), and 4r +1 =0 (mod ¢),

2. d=3,¢£=5 or 7 (mod 8), and 8r + 3 =0 (mod ¢).
Then, for all n > 0,

Pi1,2—a/6)(én + r) = 0 (mod £).
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Fractional 2-color partition functions: Congruences modulo primes

Theorem (Baruah and Das)

Suppose a,b,d € Z,b > 1 and (a,b) = 1. Let £ be an odd prime divisor of a + db and
0 < r < £. Suppose d, £ and r satisfy any of the following two conditions:

1. d=2,¢=3(mod 4), and 4r +1 =0 (mod ¢),

2. d=3,¢£=5 or 7 (mod 8), and 8r + 3 =0 (mod ¢).
Then, for all n > 0,

Pi1,2—a/6)(én + r) = 0 (mod £).

Theorem (Baruah and Das)

| N\

Suppose a, b,d € Z,b > 1, and (a,b) = 1. Let £ be an odd prime divisor of a + db and
0 < r < £. Suppose d, ¢, and r satisfy the following condition:

d=3,£=5 or 11 (mod 12) and 2r + 1 =0 (mod ¥¢).

Then, for all n > 0,

P[1,3;—a/6)(€n + r) = 0 (mod £).

v
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Fractional 2-color partition functions: Congruences modulo primes

Theorem (Baruah and Das)
Suppose a, b, d € Z,b > 1, and (a,b) = 1. Let £ be an odd prime divisor of a + db and
0 < r < {. Suppose d, ¢, and r satisfy any of the following two conditions:
1. d=2,¢=3(mod 4), and 12r +5 = 0 (mod ¢),
2. d=3,¢=3(mod 4), and 8r+5 =0 (mod ¢).
Then, for all n > 0,

P[1,4i—a/5)(€n +r) = 0 (mod £).
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Fractional 2-color partition functions: Congruences modulo primes

Theorem (Baruah and Das)

Suppose a, b, d € Z,b > 1, and (a,b) = 1. Let £ be an odd prime divisor of a + db and
0 < r < {. Suppose d, ¢, and r satisfy any of the following two conditions:

1. d=2,¢=3(mod 4), and 12r +5 = 0 (mod ¢),
2. d=3,¢=3(mod 4), and 8r+5 =0 (mod ¢).

Then, for all n > 0,

P[1,4i—a/5)(€n +r) = 0 (mod £).

v

Theorem (Baruah and Das)

For integer k > 1 and all n > 0, we have

Pi1,4;—(s%—3b)/p} (50 + r) = 0 (mod 5), where (5,b) =1 and r € {2,3}.
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Fractional 2-color partition functions: Congruences modulo powers of 3, 5, 7, and 11

Theorem (Baruah and Da

Let kK > 1 and s be positive integers such that s < | k/2]. Then, for all n > 0, we have

i
2; 2s—1 — k—2s+1
P[1,z;_(3k_b)/b](3s'"+3s : ) =0 (mod 3 %), r e {1,2},
2 25—1 B =1l k—2s+1
p[12,7(5k7b)/b]<55-n+55‘ Tt — )Eo(mod5_5+ ), r€{1,2,3,4},
2 25—1 7 =1l k—2s+1
s s— —2s
p[1,2;—(7k—b)/b]<7 n+7 - r+ 5 ) =0 (mod 7 ), re{1,2,...,6},
2 251 55 =1l k—25+1
P[1,3;—(5k_b)/b]<5s‘"+5s P = ) =0 (mod 5°770), re{1,2,3,4},
_ ilil o 75— =5 _
Pla - (7K — ) /8] (725 n 7Tt T) =0 (mod 7*72*1) € {0,2,3,...,6},
5.112"1 _1
P13 — (11K — )/ (112S a1ty f) =0 (mod 11¥=2TYy € {0,2,3,...,10},
_ 7.1t 5 _
P14 (115 — )/ (1125 cn+112t oy T) =0 (mod 11¥72Yy  + € {0,1,3,4,...,10},
where b's in the above congruences are co-prime to the moduli.
v
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Fractional 2-color partition functions: Congruences modulo powers of 3 and 5

Using dissections of (E1E,)? and (E;E3)?, we find

Theorem (Baruah and Das)

Let k, m, and s be positive integers such that s < m+ 1. Then, for all n > 0, we have

3% —1

Pi1,2;—(3ktm—2b) /1] (325 3oy ) =0 (mod 3*Fm=sH) e {1,2}

and

2.5%-1_1
P[1,3;— (5k+m —2b) /1] (525 cn+5%"1.r4 f) =0 (mod 5¥TM=st1y ¢ {0,2,3,4},

where b's in the above congruences are co-prime to the moduli.
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Fractional 2-color partition functions: Congruences modulo powers of 3 and 5

Using dissections of (E1E»)?, (E1E2)®, and (E1E3)3, we find

Theorem (Baruah and Das)

Let k > 1 and s be positive integers such that s < | k/2]. Then, for all n > 0, we have

7.325-1_pg
8

7.525-1_3
8

Pl1,2;—(3k—5b)/b] (325 n+3%t. 4 ) =0 (mod 3¥), re {0,2},

Pl1,2— (5K —3b) /5] (525 n45% 14 ) =0 (mod 5%), re{0,2,3,4},

and
p[1,3;—(5k—3b)/b] - n o r 2 = ( o )7 r { y Ly 9y }a

where b's in the above congruences are co-prime to the moduli.
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Fractional 2-color partition functions: Balanced Congruences

Theorem (Baruah and Das)

Let kK > 1 be an odd integer. Then, for all n > 0, we have

7-3k—5
P[1,2;,— (3k—5b) /b] (3k -n+ T) =0 (mod 3¥),

7-5k-3
P[1,2;— (5k—3b) /b] <5k -n+ T) =0 (mod 5%),

and

k _

5 1
P(1,3;— (5% —3b) /b] <5k ° [ 4F ) =0 (mod 5%),

where b's in the above congruences are co-prime to the moduli.
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