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Outline of the talk

I The series
∑∞
n=1 σa(n)e−ny, its historical background and its

applications
I Generalized modified Bessel function
I Our master identity
I Special cases of the master identity
I A new transformation formula involving rk(n)
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Definition: modular forms

Definition
A modular form f : H→ C of weight k for SL2(Z) is a function on H
with the following properties:

I f is a holomorphic function on H.

I f

(
az + b

cz + d

)
= (cz + d)kf(z), ∀ z ∈ H,

(
a b
c d

)
∈ SL2(Z).

I f is holomorphic at i∞.

• The classical example of modular forms is Eisenstein series Ek(z), k
is an even positive integer greater than 2, given by

Ek(z) = 1 + 2
ζ(1− k)

∞∑
n=1

σk−1(n)e2πinz.
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Object of interest
Let a ∈ C, Re(y) > 0. Consider the series

∞∑
n=1

σa(n)e−ny =
∞∑
n=1

na

eny − 1 , (1.1)

where σa(n) =
∑
d|n d

a.
• When a = 2m+ 1,m ∈ N and y = −2πiz (so that z ∈ H), either of
the above series essentially represents the Eisenstein series of weight
2m+ 2.

• When a = −2m− 1,m ∈ N, the series
∞∑
n=1

σa(n)e2πinz represents

Eichler integral corresponding to the Eisenstein series E2m+2(z).

• Moreover,
∞∑
n=1

σ1(n)e2πinz is essentially the quasi-modular form

E2(z), and the series
∞∑
n=1

σ−1(n)e2πinz is what appears in the

transformation formula of logarithm of the Dedekind eta function
η(z).
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Transformation formula for a an odd integer:
Ramanujan’s famous formula for ζ(2m+ 1)

I For a odd integer, we have the famous formula of Ramanujan for
ζ(2m+ 1):
Let α, β > 0 with αβ = π2. Then for m ∈ Z\{0}, we have

α−m

{
1
2ζ(2m+ 1) +

∞∑
n=1

n−2m−1

e2nα − 1

}

= (−β)−m
{

1
2ζ(2m+ 1) +

∞∑
n=1

n−2m−1

e2nβ − 1

}

− 22m
m+1∑
k=0

(−1)kB2kB2m+2−2k

(2k)!(2m+ 2− 2k)!α
m+1−kβk.

I The history, implications and modern interpretation of this
formula are nicely discussed by Berndt and Straub1.

1B. C. Berndt and A. Straub, Ramanujan’s formula for ζ(2n+ 1), Exploring
the Riemann zeta function, 13–34, Springer, Cham, 2017.
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History

I In all of the above cases, that is, when a an odd integer, the

series
∞∑
n=1

σa(n)e−ny satisfies a transformation formula, and hence

plays a fundamental role in the theory of modular forms.

I However, an explicit transformation for the series
∞∑
n=1

σa(n)e−ny

when a is an even integer is conspicuously absent from the
literature except in the special case a = 0.

I Guinand2 studied the series
∞∑
n=1

σa(n)e−ny for a = 2k, k ∈ R,

such that k + 1
2 /∈ Z. Guinand obtained a transformation for the

series which, for real positive y, shows how the modularity is
obstructed by means of an appearance of an extra integral.

2A. P. Guinand, Functional equations and self-reciprocal functions connected
with Lambert series, Quart. J. Math. (Oxford) 15 (1944), 11–23.

Rahul Kumar Gonit Sora Seminar May 28, 2021



History

I In all of the above cases, that is, when a an odd integer, the

series
∞∑
n=1

σa(n)e−ny satisfies a transformation formula, and hence

plays a fundamental role in the theory of modular forms.

I However, an explicit transformation for the series
∞∑
n=1

σa(n)e−ny

when a is an even integer is conspicuously absent from the
literature except in the special case a = 0.

I Guinand2 studied the series
∞∑
n=1

σa(n)e−ny for a = 2k, k ∈ R,

such that k + 1
2 /∈ Z. Guinand obtained a transformation for the

series which, for real positive y, shows how the modularity is
obstructed by means of an appearance of an extra integral.

2A. P. Guinand, Functional equations and self-reciprocal functions connected
with Lambert series, Quart. J. Math. (Oxford) 15 (1944), 11–23.

Rahul Kumar Gonit Sora Seminar May 28, 2021



History

I In all of the above cases, that is, when a an odd integer, the

series
∞∑
n=1

σa(n)e−ny satisfies a transformation formula, and hence

plays a fundamental role in the theory of modular forms.

I However, an explicit transformation for the series
∞∑
n=1

σa(n)e−ny

when a is an even integer is conspicuously absent from the
literature except in the special case a = 0.

I Guinand2 studied the series
∞∑
n=1

σa(n)e−ny for a = 2k, k ∈ R,

such that k + 1
2 /∈ Z. Guinand obtained a transformation for the

series which, for real positive y, shows how the modularity is
obstructed by means of an appearance of an extra integral.

2A. P. Guinand, Functional equations and self-reciprocal functions connected
with Lambert series, Quart. J. Math. (Oxford) 15 (1944), 11–23.

Rahul Kumar Gonit Sora Seminar May 28, 2021



Transformation formula for a an even integer
I For a = 0, Wigert-Bellman3 gave the following result: For

Re(y) > 0, we have
∞∑
n=1

d(n)e−ny − 1
4 −

γ − log(y)
y

= 2
y

∞∑
n=1

d(n)
{
U

(
1, 1, 4π2n

y

)
+ U

(
1, 1,−4π2n

y

)}
,

where U(a; c; z) is Tricomi confluent hypergeometric function
defined by

U(a; c; z) := Γ(1− c)
Γ(a− c+ 1) 1F1(a; c; z) + Γ(c− 1)

Γ(a)zc−1 1F1(a− c+ 1; 2− c; z),

with 1F1(b; c; z) being confluent hypergeometric function given by

1F1(b; c; z) :=
∞∑
n=0

(b)n
(c)n

zn

n! , (a)n = Γ(a+ n)
Γ(a) .

3S. Kanemitsu, Y. Tanigawa and H. Tsukada, Some number theoretic
applications of a general modular relation, International Journal of Number
Theory Vol. 2, No. 4 (2006) 599615.
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Moments of Riemann zeta function

I An important problem in analytic Number Theory is to
understand the moments

L2k(T ) =
∫ T

0

∣∣∣∣ζ (1
2 + it

)∣∣∣∣2k dt.

For positive real number k, it is believed that

L2k(T ) ∼ CkT (log T )k
2

for a positive constant Ck.
I Unfortunately, the only two values of k for which the asymptotics

are known are k = 1 and k = 2. For other values we have just
conjectures.
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Application in the theory of moments of Riemann zeta
function
• If we define

Φ(z) :=
∞∑
m=1

d(m)e−mz − γ − log z
z

.

Then, for z = ixe−iθ, 0 < θ < π/2 and α > 0, we have the
transformation formula4

Φ(z−1) = 2πizΦ(4π2z) +O(xα).

• By the application of the above transformation formula, following
asymptotic formula for the second moment of the Riemann zeta
function due to Atkinson, is proved by M. Lukkarinen5 , as T →∞,∫ T

0

∣∣∣∣ζ (1
2 + it

)∣∣∣∣2 dt = T

(
log T

2π + 2γ − 1
)

+ E(t).

4E.C. Titchmarsh, The Theory of the Riemann Zeta Function, second ed.,
Oxford University Press, 1986.

5M. Lukkarinen, The Mellin transform of the square of Riemann’s zeta
function and Atkinson’s formula, Ann. Acad.Sci. Fenn. Math. Diss. 140(2005)
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Application in the theory of smoothly weighted
moments

I Smoothly weighted moment of the Riemann zeta function

L2k(δ) :=
∫ ∞

0

∣∣∣∣ζ (1
2 + it

)∣∣∣∣2k e−δt dt.
I For k = 1, the best formula for L2(δ) was a main term plus an

asymptotic, but not convergent, series of powers of δ as δ → 0+.
I In an interesting paper, Bettin and Conrey6 studied the series
∞∑
n=1

σa(n)e2πinz, where a ∈ C and z ∈ H, showing that it can be

analytically continued to | arg(z)| < π, and as an application of
their result they proved an exact formula for the second moments
of the Riemann zeta function. Their formula gives an asymptotic
series that is also convergent.

I They also gave a simple proof of the Voronöı summation formula.
6S. Bettin and J. B. Conrey, Period functions and cotangent sums, Algebra

and Number Theory 7 No. 1 (2013), 215–242.
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6S. Bettin and J. B. Conrey, Period functions and cotangent sums, Algebra

and Number Theory 7 No. 1 (2013), 215–242.
Rahul Kumar Gonit Sora Seminar May 28, 2021



Our objective

I However, in the above results, either an asymptotic estimate for

the series
∞∑
n=1

σa(n)e2πinz is given or a transformation involving a

line integral, and hence an explicit transformation is missing.

I We fill this gap and obtain an explicit transformation for the

series
∞∑
n=1

σa(n)e−ny first, for any a ∈ C such that Re(a) > −1,

and then for Re(a) > −2m− 3, where m ∈ N ∪ {0}, by analytic
continuation.

I We then obtain, as corollaries, not only the well-known results in
the theory of modular forms but also new transformations for
∞∑
n=1

σ2m(n)e−ny, m ∈ Z.
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Some definitions

I The Generalized hypergeometric series is defined as

pFq

(
a1, a2, · · · , ap
b1, b2, · · · , bq

∣∣∣∣z) :=
∞∑
n=0

(a1)n(a2)n · · · (ap)n
(b1)n(b2)n · · · (bq)n

zn

n! (1.2)

The above series converges absolutely for all z if p ≤ q and for
|z| < 1 if p = q + 1, and it diverges for all z 6= 0 if p > q + 1 and
the series does not terminate.

I (a)n := a(a+ 1) · · · (a+ n− 1) = Γ(a+ n)/Γ(a).
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Definitions: Bessel functions
I The Bessel functions of the first kind and the second kind of

order ν are defined by

Jν(z) :=
∞∑
m=0

(−1)m(z/2)2m+ν

m!Γ(m+ 1 + ν) (z, ν ∈ C),

Yν(z) := Jν(z) cos(πν)− J−ν(z)
sin πν (z ∈ C, ν /∈ Z),

along with Yn(z) = limν→n Yν(z) for n ∈ Z. Here Γ(s) denotes
Euler’s gamma function.

I The modified Bessel functions of the first and second kinds are
defined by

Iν(z) :=
{
e−

1
2πνiJν(e 1

2πiz), if −π < arg z ≤ π
2 ,

e
3
2πνiJν(e− 3

2πiz), if π
2 < arg z ≤ π,

Kν(z) := π

2
I−ν(z)− Iν(z)

sin νπ
respectively.
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Paper of Koshliakov

I Koshliakov7 proved the following remarkable result, that is, for
− 1

2 < ν < 1
2 ,∫ ∞

0
Kν(t)

(
cos(πν)M2ν(2

√
xt)− sin(πν)J2ν(2

√
xt)
)
dt = Kν(x),

(1.3)
where Mν(x) := 2

πKν(x)− Yν(x).
I It is easy to see though that this identity is valid for complex ν

such that − 1
2 < Re(ν) < 1

2 .
I The kernel

cos(πν)M2ν(2
√
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7N. S. Koshliakov, Note on certain integrals involving Bessel functions, Bull.
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Koshliakov’s generalization of modified Bessel function

I Koshliakov gives a more general result of which (1.3) is a special
case, that is, for8 µ > −1/2 and ν > − 1

2 + |µ|,∫ ∞
0

Kµ(t)tµ+ν
(

cos(πν)M2ν(2
√
xt)− sin(πν)J2ν(2

√
xt)
)
dt

= π2µ+ν−1

sin(νπ)

{(x
2

)−ν Γ(µ+ 1
2 )

Γ(1− ν)Γ( 1
2 − ν) 1F2

(
µ+ 1

2
1
2 − ν, 1− ν

∣∣∣∣x2

4

)

−
(x

2

)ν Γ(µ+ ν + 1
2 )

Γ(1 + ν)Γ( 1
2 ) 1F2

(
µ+ ν + 1

2
1
2 , 1 + ν

∣∣∣∣x2

4

)}
.

(1.4)

I Upon letting µ = −ν in (1.4) gives (1.3) as the right-hand side
reduces to Kν(x).

I Therefore, the right-hand side of (1.4) can be conceived to be a
one-variable generalization of Kν(x).

8When µ 6= −ν, this result actually holds for ν ∈ C\ (Z\{0}), Re(µ) > −1/2,
Re(ν) > −1/2 and Re(µ+ ν) > −1/2; otherwise, it holds for −1/2 < Re(ν) < 1/2.
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A generalization of modified Bessel function Kν(x)

Our generalization of Koshliakov’s generalized modified Bessel
function is defined for ν ∈ C\ (Z\{0}), and z, µ, w ∈ C such that
µ+ w 6= − 1

2 ,−
3
2 ,−

5
2 , · · · , by

µKν(z, w) := πzw2µ+ν−1

sin(νπ)

{ (
z
2
)−ν Γ(µ+ w + 1

2 )
Γ(1− ν)Γ(w + 1

2 − ν) 1F2

(
µ+ w + 1

2
w + 1

2 − ν, 1− ν

∣∣∣∣z2

4

)

−
(z

2

)ν Γ(µ+ ν + w + 1
2 )

Γ(1 + ν)Γ(w + 1
2 ) 1F2

(
µ+ ν + w + 1

2
w + 1

2 , 1 + ν

∣∣∣∣z2

4

)}
,

with µK0(z, w) = limν→0 µKν(z, w).
• When w = 0, µKν(z, w) reduces to Koshliakov’s generalized modified
Bessel function of the second kind.
• Also,

−νKν(z, w) = zwKν(z).
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Main result

Theorem (Dixit-Kesarwani-K.)
Let Re(y) > 0. For Re(a) > −1, the following transformation holds:

∞∑
n=1

σa(n)e−ny + 1
2

((
2π
y

)1+a
cosec

(πa
2

)
+ 1
)
ζ(−a)− ζ(1− a)

y

= 2π
y sin

(
πa
2
) ∞∑
n=1

σa(n)
(

(2πn)−a

Γ(1− a) 1F2

(
1; 1− a

2 , 1− a

2 ; 4π4n2

y2

)

−
(

2π
y

)a
cosh

(
4π2n

y

))
.

• Note that the right-hand side of the above transformation is nothing
but

2
√

2π
y1+ a

2

∞∑
n=1

σa(n)n− a2 1
2
K a

2

(
4π2n

y
, 0
)
.

Rahul Kumar Gonit Sora Seminar May 28, 2021



Main result

Theorem (Dixit-Kesarwani-K.)
Let Re(y) > 0. For Re(a) > −1, the following transformation holds:

∞∑
n=1

σa(n)e−ny + 1
2

((
2π
y

)1+a
cosec

(πa
2

)
+ 1
)
ζ(−a)− ζ(1− a)

y

= 2π
y sin

(
πa
2
) ∞∑
n=1

σa(n)
(

(2πn)−a

Γ(1− a) 1F2

(
1; 1− a

2 , 1− a

2 ; 4π4n2

y2

)

−
(

2π
y

)a
cosh

(
4π2n

y

))
.

• Note that the right-hand side of the above transformation is nothing
but

2
√

2π
y1+ a

2

∞∑
n=1

σa(n)n− a2 1
2
K a

2

(
4π2n

y
, 0
)
.

Rahul Kumar Gonit Sora Seminar May 28, 2021



Master identity

Theorem (Dixit-Kesarwani-K.)

Let Re(y) > 0 and m ∈ N ∪ {0}. Then for Re(a) > −2m− 3, the
following identity holds:
∞∑
n=1

σa(n)e−ny + 1
2

((
2π
y

)1+a
cosec

(
πa
2
)

+ 1
)
ζ(−a)− ζ(1−a)

y

= 2
√

2π
y1+ a

2

∞∑
n=1

σa(n)n− a2
{

1
2
K a

2

(
4π2n
y , 0

)
− π2

3
2 +a

sin(πa2 )
(

4π2n
y

)− a2−2

×Am
(

1
2 ,

a
2 , 0; 4π2n

y

)}
− y(2π)−a−3

sin(πa2 )

m∑
k=0

ζ(a+2k+2)ζ(2k+2)
Γ(−a−1−2k)

(
4π2

y

)−2k
,

where

Am(µ, ν, w; z) =
m∑
k=0

(−1)−µ−w− 1
2 Γ
(
µ+ w + 1

2 + k
)

k!Γ (−ν − µ− k) Γ
( 1

2 − ν − µ− w − k
) (z

2

)−2k
.
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Outline of the proof
I Koshliakov’s result is:∫ ∞

0
Kµ(t)tµ+ν

(
cos(πν)M2ν(2

√
xt)− sin(πν)J2ν(2

√
xt)
)
dt

= π2µ+ν−1

sin(νπ)

{(x
2

)−ν Γ(µ+ 1
2 )

Γ(1− ν)Γ( 1
2 − ν) 1F2

(
µ+ 1

2
1
2 − ν, 1− ν

∣∣∣∣x2

4

)

−
(x

2

)ν Γ(µ+ ν + 1
2 )

Γ(1 + ν)Γ( 1
2 ) 1F2

(
µ+ ν + 1

2
1
2 , 1 + ν

∣∣∣∣x2

4

)}
.

I Let µ = 1
2 , ν = a

2 and replace x by 4π2x/y in the above equation
and then use K 1

2
(x) =

√
π
2xe
−x to obtain∫ ∞

0
e−tyt

a
2

(
cos
(πa

2

)
Ma(4π

√
xt)− sin

(πa
2

)
Ja(4π

√
xt)
)
dt

= 1
y sin

(
πa
2
){x− a2 (2π)−a

Γ(1− a) 1F2

(
1; 1− a

2 , 1− a

2 ; 4π4x2

y2

)

−
(

2π
√
x

y

)a
cosh

(
4π2x

y

)}
.
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Proof continued
I The following analogue of Voronöı summation formula for σa(n)

due to Guinand is one of the main tool for the proof.
I Let − 1

2 < Re(a) < 1
2 . If f(x) and f ′(x) are integrals, f tends to

zero as x→∞, f(x), xf ′(x) and x2f ′′(x) belong to L2(0,∞), and

g(x) = 2π
∫ ∞

0
f(t)

(
cos
(πa

2

)
Ma(4π

√
xt)− sin

(πa
2

)
Ja(4π

√
xt)
)
dt,

then the following transformation holds:
∞∑
n=1

σ−a(n)n a2 f(n)− ζ(1 + a)
∫ ∞

0
x
a
2 f(x) dx− ζ(1− a)

∫ ∞
0

x−
a
2 f(x) dx

=
∞∑
n=1

σ−a(n)n a2 g(n)− ζ(1 + a)
∫ ∞

0
x
a
2 g(x) dx− ζ(1− a)

∫ ∞
0

x−
a
2 g(x) dx.

I The phrase ‘f(x) is an integral’ means f is an integral of some
function, that is, f can be written in the form f(x) =

∫ x
a
h(t) dt

for some function h and −∞ ≤ a < x.
I First we prove our result for 0 < a < 1

2 and y > 0 then extend it
by analytic continuation to Re(a) > −1 and Re(y) > 0.
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Proof continued
I Let f(x) = e−xyx

a
2 . Then

g(x) = 2π
y sin

(
πa
2
){x− a2 (2π)−a

Γ(1− a) 1F2

(
1; 1− a

2 , 1− a

2 ; 4π4x2

y2

)

−
(

2π
√
x

y

)a
cosh

(
4π2x

y

)}
.

I It is easy to see ∫ ∞
0

x
a
2 f(x) dx = y−a−1Γ(a+ 1),∫ ∞

0
x−

a
2 f(x) dx = 1

y
.

I For 0 < a < 1/2 and y > 0,∫ ∞
0

x
a
2 g(x) dx =

2−2−aπ−a sec
(
πa
2
)

Γ(−a) ,∫ ∞
0

x−
a
2 g(x) dx = 0.
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Proof continued
I After some simplification, for 0 < a < 1

2 and y > 0, we proved:
∞∑
n=1

σa(n)e−ny + 1
2

((
2π
y

)1+a
cosec

(πa
2

)
+ 1
)
ζ(−a)− ζ(1− a)

y

= 2π
y sin

(
πa
2
) ∞∑
n=1

σa(n)
(

(2πn)−a

Γ(1− a) 1F2

(
1; 1− a

2 , 1− a

2 ; 4π4n2

y2

)

−
(

2π
y

)a
cosh

(
4π2n

y

))

= 2
√

2π
y1+ a

2

∞∑
n=1

σa(n)n− a2 1
2
K a

2

(
4π2n

y
, 0
)
.

I Note that, as n→∞, 1
2
K a

2

(
4π2n
y , 0

)
= O(n− 1

2 Re(a)−2).
I This shows that the right-hand side converges uniformly for

Re(a) > −1 therefore it is analytic in this region. It is also easy
to see that left-hand side is also analytic in this region, therefore
transformation holds for Re(a) > −1.
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Asymptotic of µKν(z, w)

Lemma (Dixit-Kesarwani-K.)
Let | arg(−z)| ≤ π. As z →∞,

µKν (z, w) = π23µ+2ν+2w

sin(πν)zw+2µ+ν+1

{
Am(µ, ν, w; z) +Bm(µ, ν, w; z)

+Oµ,ν,w
(
|z|−2m−2)}, (1.5)

where

Am(µ, ν, w; z) =
m∑
k=0

(−1)−µ−w− 1
2 Γ
(
µ+ w + 1

2 + k
)

k!Γ (−ν − µ− k) Γ
( 1

2 − ν − µ− w − k
) (z

2

)−2k

Bm(µ, ν, w; z) =
m∑
k=0

(−1)−µ−ν−w− 1
2 Γ
(
µ+ ν + w + 1

2 + k
)

k!Γ (−µ− ν − k) Γ
( 1

2 − µ− w − k
) (z

2

)−2k
.
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Analytic continuation of the Main result
I If we rewrite the right-hand side then

∞∑
n=1

σa(n)e−ny + 1
2

((
2π
y

)1+a
cosec

(πa
2

)
+ 1
)
ζ(−a)− ζ(1− a)

y

= 2
√

2π
y1+ a

2

∞∑
n=1

σa(n)n− a2
{

1
2
K a

2

(
4π2n

y
, 0
)
− π2 3

2 +a

sin
(
πa
2
) (4π2n

y

)− a2−2

×Am
(

1
2 ,
a

2 , 0; 4π2n

y

)}
+ yπ−a−5/2

2 sin
(
πa
2
) ∞∑
n=1

σa(n)
na+2 Am

(
1
2 ,
a

2 , 0; 4π2n

y

)
.

I Note that
σa(n)
n
a
2

{
1
2
K a

2

(
4π2n

y
, 0
)
− π2 3

2 +a

sin
(
πa
2
) (4π2n

y

)− a2−2

Am

(
1
2 ,
a

2 , 0; 4π2n

y

)}
= Oa,y

(
n−2m−4− 1

2 Re(a)+ 1
2 |Re(a)|+ε

)
.

I This implies that the series on the right-hand side converges
uniformly in Re(a) > −2m− 3 + ε for any ε > 0. Since the
summand is analytic, we see by Weierstrass’ theorem that this
series represents an analytic function of a for Re(a) > −2m− 3.
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Proof continued

I Use the well-known fact
∞∑
n=1

σz(n)
ns

= ζ(s)ζ(s− z), (1.6)

valid for Re(s) > max{1, 1 + Re(z)} to simplify

yπ−a−5/2

2 sin
(
πa
2
) ∞∑
n=1

σa(n)
na+2 Am

(
1
2 ,
a

2 , 0; 4π2n

y

)
as

−y(2π)−a−3

sin
(
πa
2
) m∑

k=0

ζ(a+ 2k + 2)ζ(2k + 2)
Γ(−a− 1− 2k)

(
4π2

y

)−2k

.
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The transformation for ∑∞n=1 σ2m(n)e−ny,m > 0

Theorem (Dixit-Kesarwani-K.)
Let m ∈ N. Then for Re(y) > 0, we have

∞∑
n=1

σ2m(n)e−ny − (2m)!
y2m+1 ζ(2m+ 1) + B2m

2my

= (−1)m 2
π

(
2π
y

)2m+1 ∞∑
n=1

σ2m(n)
{

sinh
(

4π2n

y

)
Shi
(

4π2n

y

)

− cosh
(

4π2n

y

)
Chi

(
4π2n

y

)
+

m∑
j=1

(2j − 1)!
(

4π2n

y

)−2j }
.

• The functions Shi(z) and Chi(z) are the hyperbolic sine and cosine
integrals defined by

Shi(z) :=
∫ z

0

sinh(t)
t

dt,

Chi(z) :=γ + log(z) +
∫ z

0

cosh(t)− 1
t

dt, where γ is Euler′s constant.
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The series in modular v/s in non-modular
transformations

• The series
∑∞
n=1 σ2m(n)e−ny as well as

∑∞
n=1 σ−2m(n)e−ny and∑∞

n=1 d(n)e−ny gets transformed to

∞∑
n=1

σ2m(n)
{

sinh
(

4π2n

y

)
Shi
(

4π2n

y

)
− cosh

(
4π2n

y

)
Chi

(
4π2n

y

)

+
m∑
j=1

(2j − 1)!
(

4π2n

y

)−2j }
.

• This is a natural analogue of the series
∞∑
n=1

σ2m+1(n)
{

sinh
(

4π2n

y

)
− cosh

(
4π2n

y

)}
= −

∞∑
n=1

σ2m+1(n)e−
4π2n
y .

which appears in the corresponding transformation satisfied by∑∞
n=1 σ2m+1(n)e−ny.
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Proof

I Our transformation is:
∞∑
n=1

σa(n)e−ny + 1
2

((
2π
y

)1+a
csc
(πa

2

)
+ 1
)
ζ(−a)− ζ(1− a)

y

= 2π
y sin

(
πa
2
) ∞∑
n=1

σa(n)
(

(2πn)−a

Γ(1− a) 1F2

(
1; 1− a

2 , 1− a

2 ; 4π4n2

y2

)

−
(

2π
y

)a
cosh

(
4π2n

y

))
.

I Observe that we have 0
0 form on the both sides of the above

transformation.
I Therefore we need to find the derivative of 1F2. That is also new:
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Derivative of 1F2

Lemma (Dixit-Kesarwani-K.)
Let n ∈ N, m ∈ N ∪ {0} and y ∈ C. Then

d

da

(
1

Γ(1− a) 1F2

(
1; 1− a

2 ,
1− a

2 ; 4π4n2

y2

)) ∣∣∣∣∣
a=2m

=
(

4π2n

y

)2m{
sinh

(
4π2n

y

)
Shi
(

4π2n

y

)
− cosh

(
4π2n

y

)
Chi

(
4π2n

y

)

+ log
(

4π2n

y

)
cosh

(
4π2n

y

)
+

m∑
j=1

(2j − 1)!
(

4π2n

y

)−2j }
.
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Ramanujan’s formula as a special case

• As a special case a = −2m− 1, m > 0 of our Theorem, we get the
famous formula of Ramanujan for ζ(2m+ 1):

Theorem (Ramanujan)
Let α, β > 0 with αβ = π2. Then for m ∈ Z\{0}, we have

α−m

{
1
2ζ(2m+ 1) +

∞∑
n=1

n−2m−1

e2nα − 1

}

= (−β)−m
{

1
2ζ(2m+ 1) +

∞∑
n=1

n−2m−1

e2nβ − 1

}

− 22m
m+1∑
k=0

(−1)kB2kB2m+2−2k

(2k)!(2m+ 2− 2k)!α
m+1−kβk.
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A nice companion to Ramanujan’s formula

Theorem (Dixit-Kesarwani-K.)
Let m ∈ N. If α and β are complex numbers such that Re(α) > 0,
Re(β) > 0, and αβ = π2, then

α−(m− 1
2 )
{

1
2ζ(2m) +

∞∑
n=1

n−2m

e2nα − 1

}

= (−1)m+1β−(m− 1
2 )
{
γ

π
ζ(2m) + 1

2π

∞∑
n=1

n−2m
(
ψ

(
inβ

π

)
+ ψ

(
− inβ

π

))}

+
m−1∑
k=0

22k−1B2k

(2k)! ζ(2m− 2k + 1)α2k−m− 1
2 .

• Here ψ(z) = Γ′(z)/Γ(z) is the digamma function.
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Other transformations from the literature
If g : Z→ C has period q then g has mean value
M(g) = 1

q

∑q−1
n=0 g(n), and the Dirichlet series

L(s, g) :=
∞∑
n=1

g(n)
ns

converges absolutely in the half-plane {s ∈ C : Re(s) > 1}.

Theorem (Bradley)

Let m and q be positive integers, ω = e2πi/m, g : Z→ C periodic of
period q. Let α, β > 0 with αβ = π2. If g is odd then

α−m+ 1
2

{
1
2L(2m, g) +

∞∑
n=1

n−2mg(n)
e2nα − 1

}

= (−1)mβ−m+ 1
2 iq−1

q−1∑
k=1

g(k)
∞∑
n=1

n−2m

e2nβ/qωk − 1

+
m∑
j=0

(−1)j+1αj−
1
2−mβ−jζ(2j)L(2m− 2j + 1, g).
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Theorem continued

Theorem
If g is even then

α−m

{
1
2L(2m+ 1, g) +

∞∑
n=1

n−2m−1g(n)
e2nα − 1

}

= (−1)mβ−m
{

1
2M(g)ζ(2m+ 1) + q−1

q−1∑
k=1

g(k)
∞∑
n=1

n−2m−1

e2nβ/qωk − 1

}

+
m+1∑
j=0

(−1)j+1αj−m−1β−jζ(2j)L(2m− 2j + 2, g).

I The above result is due to Bradley9.
I Berndt also obtained similar results10.
9D. M. Bradley, Series acceleration formulas for Dirichlet series with periodic

coefficients, Ramanujan J. 6 (2002), 331–346.
10B.C. Berndt, Periodic Bernoulli numbers, summation formulas and

applications, in: Theory and Application of Special Functions, R.A. Askey, ed.,
Academic Press, New York, 1975, pp. 143–189.
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More about new companion to Ramanujan’s formula
Theorem: Let m ∈ N. Then for Re(y) > 0, we have
∞∑
n=1

σ−2m(n)e−ny +
(

1
2 + (−1)m γ

π

( y
2π

)2m−1
)
ζ(2m) = 2(−1)m+1

π

( y
2π

)2m−1

×

[ ∞∑
n=1

σ−2m(n)
{

sinh
(

4π2n

y

)
Shi
(

4π2n

y

)
− cosh

(
4π2n

y

)
Chi

(
4π2n

y

)}

− log
(

2π
y

)
ζ(2m) + 1

2ζ
′(2m) + 2π2
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(−1)k+1

(2π/y)−2k ζ(2k + 3)ζ(2m− 2k − 2)
]
.

• We make use of the following beautiful recent result11:

Theorem (Dixit, Gupta, K.-, Maji)
Let Re(u) > 0. Then

∞∑
n=1

∫ ∞
0

t cos(t)
t2 + n2u2 dt = 1

2

{
log
( u

2π

)
− 1

2

(
ψ

(
iu

2π

)
+ ψ

(
− iu2π

))}
.

11A. Dixit, R. Gupta, R. Kumar and B. Maji, Generalized Lambert series,
Raabe’s cosine transform and a generalization of Ramanujan’s formula for
ζ(2m+ 1), Nagoya Math. J. 239 (2020), 232–293.
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Transformation satisfied by the weight-2 Eisenstein
series E2(z)

The limiting case a→ 1 of our Theorem gives an equivalent form of
the transformation satisfied by the weight-2 Eisenstein series E2(z) on
SL2 (Z), namely, E2

(
− 1
z

)
= z2E2(z) + 6z

πi .

Corollary
Let α, β be such that Re(α) > 0,Re(β) > 0 and αβ = π2. Then

α

∞∑
n=1

n

e2nα − 1 + β

∞∑
n=1

n

e2nβ − 1 = α+ β

24 − 1
4 . (1.7)
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Proof
I Note that

lim
a→1

1
Γ(1− a) 1F2

(
1; 1− a

2 ,
1− a

2 ,
4π4n2

y2

)
= 4π2n

y
sinh

(
4π2n

y

)
.

(1.8)

I Let a = 1 in the main result. Using the well-known special values
ζ(−1) = −1/12, ζ(0) = −1/2 and invoking (1.8), we see that

∞∑
n=1

σ(n)e−ny − 1
24

(
1 + 4π2

y2

)
+ 1

2y

= 4π2

y2

∞∑
n=1

σ(n)
(

sinh
(

4π2n

y

)
− cosh

(
4π2n

y

))

= −4π2

y2

∞∑
n=1

σ(n)e−
4π2n
y .

I Letting y = 2α with αβ = π2 then leads to (1.7).
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Transformation formula satisfied by the logarithm of
the Dedekind eta function as a special case

Next, we give a corollary which is equivalent to the transformation
formula satisfied by the logarithm of the Dedekind eta function.

Corollary (Dixit-Kesarwani-K.)
If α, β are such that Re(α) > 0,Re(β) > 0 and αβ = π2, then

∞∑
n=1

σ−1(n)e−2nα −
∞∑
n=1

σ−1(n)e−2nβ = β − α
12 + 1

4 log
(
α

β

)
,
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Wigert-Bellman result as a special case
Let Re(y) > 0,

∞∑
n=1

d(n)e−ny − 1
4 −

γ − log(y)
y

= 2
y

∞∑
n=1

d(n)
{
U

(
1, 1, 4π2n

y

)
+ U

(
1, 1,−4π2n

y

)}
.

equivalently,
∞∑
n=1

d(n)e−ny − 1
4 −

γ − log(y)
y

= 2
y

∞∑
n=1

{
log
(

2πn
y

)
− 1

2

(
ψ

(
2πin
y

)
+ ψ

(
−2πin

y

))}
.

• The series on the right-hand converges as we have, as z →∞,

ψ(z) ∼ log z − 1
2z −

1
12z2 + 1

120z4 −
1

252z6 + · · ·
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Koshliakov’s kernels

As we discussed earlier that Koshliakov studied the following two
kernels

cos(πν)M2ν(2
√
xt)− sin(πν)J2ν(2

√
xt), (1.9)

sin(πν)J2ν(2
√
xt)− cos(πν)L2ν(2

√
xt), (1.10)

where

Mν(x) := 2
π
Kν(x)− Yν(x), Lν(x) := − 2

π
Kν(x)− Yν(x).
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Generalization of Koshliakov’s kernels
Let x > 0, ν ∈ C\ (Z\{0}) and w ∈ C. We define a generalization of
the two Koshliakov kernels in (1.9) and (1.10) by

Gν(x,w) := π

sin(νπ)

(x
4

)w [(x
4

)−ν 0F3

(
−

1−ν,w+1/2,w+1/2−ν

∣∣∣∣x2

16

)
Γ(1− ν)Γ (w + 1/2) Γ (w + 1/2− ν)

−
(x

4

)ν 0F3

(
−

1+ν,w+1/2,w+1/2+ν

∣∣∣∣x2

16

)
Γ(1 + ν)Γ (w + 1/2) Γ (w + 1/2 + ν)

]
, (1.11)

where 0F3 are the hyper-Bessel functions whose theory, in the general
case, that is for 0Fn, was initiated by Delerue.

I The hyper-Bessel functions have been found useful in many
applications, for example, they are used to understand the
wavefields and the elements of the non-adiabatic transition
matrix and the tunnelling loss matrix12.

I The two expressions inside the square brackets in (1.11) are
entire functions of ν and w. As a function of ν, Gν(x,w) has a
pole at every non-zero integer but a removable singularity at 0.

12N. S. Witte, Exact solution for the reflection and diffraction of atomic de
Broglie waves by a travelling evanescent laser wave, J. Phys. A: Math. Gen. 31
(1998), 807–832.
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I The kernel Gν(x,w) is not new. In fact, it is a special case of the
well-known kernel introduced by Watson13, namely,

$µ,ν(xy) = A(xy)1/2
∫ ∞

0
Jν(xt)Jµ

(
Ay

t

)
dt

t
.

I Also, for |Re(ν)| < Re(w) + 1, we have

Gν(x,w) = $w−ν− 1
2 ,w+ν− 1

2
(x).

I Watson’s kernel and its many other generalizations have been
studied by many authors like Bhatnagar14, Olkha and Rathie15,
Dahiya16 etc.

13G. N. Watson, Some self-reciprocal functions, Quart. J. Math. (Oxford)2
(1931) 298–309.

14K. P. Bhatnagar, On self-reciprocal functions and a new transform,
Bull. Calcutta Math. Soc. 46 (1954), 179–199.

15G. S. Olkha and P. N. Rathie, On a generalized Bessel function and an
integral transform, Math. Nachr. 51 (1971), 231–240.

16R. S. Dahiya, On some results involving Jacobi polynomials and the
generalized function ω̃µ1,··· ,µn (x),Proc. Japan Acad. 46 (1970), 605–608.
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In spite of so much work done on Watson’s kernel, its importance
from the point of view of number theory has not been recognized
before. For example, while it is known 17 that for x > 0,

G 1
2
(x,w) = J2w−1(2

√
x), (1.12)

it has not been noticed before that when w = 0 and 1, the kernel
$w−ν− 1

2 ,w+ν− 1
2
(x), or equivalently Gν(x,w), reduces respectively to

the first and second Koshliakov kernels:
Theorem (Dixit-Kesarwani-K.)
Let x > 0. Then

Gν(x, 0) = cos(πν)M2ν(2
√
x)− sin(πν)J2ν(2

√
x),

Gν(x, 1) = sin(πν)J2ν(2
√
x)− cos(πν)L2ν(2

√
x).

I These kernels are of prime importance in number theory, for
example see18, 19.

17G. H. Hardy, The resultant of two Fourier kernels, Math. Proc. Cambridge
Philos. Soc. 31 (1935), 1–6.

18B. C. Berndt, A. Dixit, A. Roy and A. Zaharescu, New pathways and
connections in number theory and analysis motivated by two incorrect claims of
Ramanujan, Adv. Math. 304 (2017), 809–929.

19A. Dixit and R. Kumar, Superimposing theta structure on a generalized
modular relation, submitted for publication; arXiv:2005.08316.
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A beautiful result involving Gν(x,w) and µKν(x,w)

Theorem (Dixit-Kesarwani-K.)
Let x > 0, Re(w) > −1/2 and ν ∈ C\ (Z\{0}). Let Gν(x,w) be defined
in (1.11). If µ 6= −ν, then for Re(µ),Re(ν),Re(µ+ ν) > −Re(w)− 1

2 ,
we have ∫ ∞

0
Kµ(t)tµ+ν+wGν(xt, w) dt = µKν(x,w), (1.13)

otherwise, for −Re(w)− 1
2 < Re(ν) < Re(w) + 1

2 , we have∫ ∞
0

twKν(t)Gν(xt, w) dt = xwKν(x). (1.14)

• Next we discuss an application of this result.
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A new transformation for rk(n)
• Let rk(n) denote the number of representations of a positive integer
n as the sum of k squares, where different signs and different orders of
the summands give distinct representations. For example r2(5) = 8.

Theorem (Dixit-Kesarwani-K.)
Let k ∈ N, k ≥ 2 and Re(z) > 0. Define R(µ, k) by

R(µ, k, z) :=
{

0, if Re(µ) > − 1
2 ,

1√
2zπ

1−k
2 Γ

(
k
2
)
, if µ = − 1

2 .

Then for Re(µ) > − 1
2 or µ = −1/2, the following transformation

holds:
∞∑
n=1

rk(n)nµ+1Kµ(nz)−
π
k+1

2 2µΓ
(
µ+ k

4 + 1
2
)

zµ+ k
2 +1Γ

(
k
4
)

= π

zµ+ k
4 + 3

2

∞∑
n=1

rk(n)n 1
2−

k
4 µK 1

2

(
π2n

z
,
k

4

)
− π

k
2

Γ
(
k
2
)R(µ, k, z).
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A well-known modular transformation

Corollary
Let k be an integer such that k ≥ 2 and let Re(z) > 0. Then

∞∑
n=0

rk(n)e−nz =
(π
z

) k
2
∞∑
n=0

rk(n)e−π
2n
z .
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Outline of the proof
We employ the following transformation of Guinand20 (also known to
Popov21) in a rigorous formulation given by Berndt, Dixit, Kim and
Zaharescu22.
Theorem: Let k be a positive integer greater than 3 and let
m =

⌊ 1
2k
⌋
− 1. Let F (x), F ′(x), F ′′(x), . . . , F (2m−1)(x) are integrals,

and F (x), xF ′(x), x2F ′′(x), . . . , x2mF (2m)(x) belong to L2(0,∞).
Moreover, as x→∞, let

F (x) = Ok

(
x−

k
4−

1
2−τ

)
, (1.15)

for some fixed τ > 0. Let the function G be defined by

G(y) = π

∫ ∞
0

F (t)J k
2−1(2π

√
yt) dt, (1.16)

20A. P. Guinand, Concordance and the harmonic analysis of sequences, Acta
Math. 101, No. 3 (1959), 235–271.

21A. I. Popov, On some summation formulas (in Russian),
Bull. Acad. Sci. L’URSS, 7 (1934), 801–802.

22B. C. Berndt, A. Dixit, S. Kim and A. Zaharescu, Sums of squares and
products of Bessel functions, Adv. Math. 338 (2018), 305–338.
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and assume that it satisfies

G(y) = Ok

(
y−

k
4−

1
2−τ

)
, (1.17)

for τ > 0, as y →∞. Then
∞∑
n=1

rk(n)n 1
2−

k
4 F (n)− π

k
2

Γ(k2 )

∫ ∞
0

x
k
4−

1
2F (x) dx

=
∞∑
n=1

rk(n)n 1
2−

k
4G(n)− π

k
2

Γ(k2 )

∫ ∞
0

x
k
4−

1
2G(x) dx. (1.18)

For k = 2 and 3, (1.18) holds if F is continuous on [0,∞),
F (x), xF ′(x) ∈ L2(0,∞), and F satisfies (1.15), and if G is defined in
(1.16) and satisfies (1.17).

I Replace x by π2x/z, then let ν = 1
2 and w = k

4 in the resulting
equation, and use G 1

2
(x,w) = J2w−1(2

√
x), so that for

Re(µ) > −k4 −
1
2 ,∫ ∞

0
tµ+ k

4 + 1
2Kµ(tz)J k

2−1(2π
√
xt) dt = 1

zµ+ k
4 + 3

2
µK 1

2

(
π2x

z
,
k

4

)
.

(1.19)
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Proof continued

I Let F (x) = xµ+ k
4 + 1

2Kµ(xz) and G(x) = π

zµ+ k
4 + 3

2
µK 1

2

(
π2x
z , k4

)
and use

Lemma (Dixit-Kesarwani-K.)
Let k ∈ N. Then∫ ∞

0
x
k
4−

1
2G(x) dx =

{
0, if Re(µ) > − 1

2 ,
1√
2π

1−k
2 Γ

(
k
2
)
, if µ = − 1

2 .

to complete the proof.
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Further questions

I Are there any direct proofs of the transformations which we get
special case of our master identity?

I The two-variable generalization of the modified Bessel function,
namely, µKν(z, w), begs for a systematic study of its properties
similar to those for the modified Bessel function Kν(z). In this
paper, we have restricted ourselves to obtaining only those
properties of µKν(z, w) relevant to deriving various
transformations.

I Right now we are considering applications of our explicit
transformation of

∑∞
n=1 σa(n)e−ny in the theory of Riemann zeta

function23.

23F. Cicek, A. Dixit and R. Kumar, A Lambert series associated with the
generalized divisor function and its applications in the zeta-function theory, in
preparation.
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Further questions
I Are there any applications of results such as
∞∑
n=1

1
eny − 1 = 1

4 + (γ − log(y))
y

+ 2
y

∞∑
n=1

{
log
(

2πn
y

)
− 1

2

(
ψ

(
2πin
y

)
+ ψ

(
−2πin

y

))}
,

from the point of view of transcendental number theory? Note
that Erdös 24 has shown that the series

∑∞
n=1 d(n)q−n is

irrational for any integer q with |q| ≥ 2. Thus, for example,
letting y equal to log(2) in the above formula would yield an
irrational number

∑∞
n=1

1
en log(2)−1 on the left-hand side of the

above equation.
I For Re(y) > 0, we have

∞∑
n=1

n−2

eny − 1 + π2 − γy
12 − 1

y
ζ(3) = y

4π2

∞∑
n=1

1
n2

(
ψ

(
2πin
y

)
+ ψ

(
−2πin

y

))
.

24P. Erdös, On arithmetical properties of Lambert series, J. Indian
Math. Soc. (N.S.) 12 (1948), 63–66.
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Thank You!
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