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Outline of the talk

» The series Y, 04(n)e™™, its historical background and its
applications

» Generalized modified Bessel function
» Our master identity
> Special cases of the master identity

» A new transformation formula involving ry(n)
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Definition: modular forms

A modular form f:H — C of weight k for SLy(Z) is a function on H
with the following properties:

» f is a holomorphic function on H.

> f (ZIZ) = (cz+d)*f(2), V z € H, (fj Z) € SLy(2).

> f is holomorphic at ico.
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Definition: modular forms

A modular form f:H — C of weight k for SLy(Z) is a function on H
with the following properties:

» f is a holomorphic function on H.

> f (ZI;) = (cz+d)*f(2), V z € H, (fj Z) € SLy(2).

> f is holomorphic at ico.

4

e The classical example of modular forms is Eisenstein series Fy(z), k
is an even positive integer greater than 2, given by
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Object of interest

Let a € C, Re(y) > 0. Consider the series

) oo ne
an)e™ =S —— 1.1
;0 (n)e nz::l T (1.1)

where o4(n) =34, d”.
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Object of interest

Let a € C, Re(y) > 0. Consider the series

) oo ne
an)e™ =S —— 1.1
;0 (n)e nz::l T (1.1)

where o4(n) =34, d”.
e When a =2m+ 1,m € N and y = —27iz (so that z € H), either of

the above series essentially represents the Eisenstein series of weight
2m + 2.
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Object of interest

Let a € C, Re(y) > 0. Consider the series

) oo ne
an)e™ =S —— 1.1
;0 (n)e nz::l T (1.1)

where o4(n) =34, d”.
e When a =2m+ 1,m € N and y = —27iz (so that z € H), either of

the above series essentially represents the Eisenstein series of weight
2m + 2.

o0
e When a = —2m — 1,m € N, the series Z 0a(n)e?™™* represents

n=1

Eichler integral corresponding to the Eisenstein series Eo,,42(2).
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Object of interest

Let a € C, Re(y) > 0. Consider the series

o 0 na
e =N —— 1.1
;a (n)e ; T (1.1)

where o4(n) =34, d”.

e When a =2m+ 1,m € N and y = —27iz (so that z € H), either of
the above series essentially represents the Eisenstein series of weight
2m + 2.

o0
e When a = —2m — 1,m € N, the series Z 0a(n)e?™™* represents
n=1
Eichler integral corresponding to the Eisenstein series Eo,,42(2).
o0

o Moreover, Z o1(n)e*™"* is essentially the quasi-modular form

n=1
oo
E5(z), and the series Z o_1(n)e?™"* is what appears in the

n=1
transformation formula of logarithm of the Dedekind eta function
1(2).
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Transformation formula for a an odd integer:

Ramanujan’s famous formula for {(2m + 1)

» For a odd integer, we have the famous formula of Ramanujan for
¢(2m+1):
Let a, 3> 0 with a8 = 7. Then for m € Z\{0}, we have

B 1 —2m—1

(0% m{2C(2m—|—1 +Z2no¢_1}

B B 1 72m 1
= (=) | 5¢2m +1) +Z g

m+1
BQkBQm+2 2%k
22m m+1—k pk
Z 12m + 2 — 2k)1 p.
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Transformation formula for a an odd integer:

Ramanujan’s famous formula for {(2m + 1)

» For a odd integer, we have the famous formula of Ramanujan for
¢(2m+1):
Let a, 3> 0 with a8 = 7. Then for m € Z\{0}, we have

B 1 —2m—1

(0% m{2C(2m—|—1 +Z2na_1}

B B 1 72m 1
= (=) | 5¢2m +1) +Z g

m+1
BQkBQm+2 2%k
22m m+1—k pk
Z 12m + 2 — 2k)1 p.

» The history, implications and modern interpretation of this
formula are nicely discussed by Berndt and Straub®.

IB. C. Berndt and A. Straub, Ramanujan’s formula for ¢(2n + 1), Exploring
the Riemann zeta function, 13-34, Springer, Cham, 2017.

Rahul Kumar Gonit Sora Seminar May 28, 2021



> In all of the above cases, that is, when a an odd integer, the

series E Oq ~™ gatisfies a transformation formula, and hence

plays a fundamental role in the theory of modular forms.
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> In all of the above cases, that is, when a an odd integer, the

series E Oq ~™ gatisfies a transformation formula, and hence

plays a fundamental role in the theory of modular forms.
o0
» However, an explicit transformation for the series Z oq(n)e™™

n=1
when a is an even integer is conspicuously absent from the

literature except in the special case a = 0.
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> In all of the above cases, that is, when a an odd integer, the

series E Oq ~™ gatisfies a transformation formula, and hence

plays a fundamental role in the theory of modular forms.
o0

» However, an explicit transformation for the series E oq(n)e™™

n=1
when a is an even integer is conspicuously absent from the

literature except in the special case a = 0.

oo
» Guinand? studied the series Z oa(n)e”™ for a = 2k, k € R,
n=1
such that k + % ¢ 7. Guinand obtained a transformation for the
series which, for real positive y, shows how the modularity is
obstructed by means of an appearance of an extra integral.

2A. P. Guinand, Functional equations and self-reciprocal functions connected
with Lambert series, Quart. J. Math. (Oxford) 15 (1944), 11-23.
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Transformation formula for a an even integer

» For a = 0, Wigert-Bellman?® gave the following result: For
Re(y) > 0, we have

Z d e~™W = _ Y- lOg(y)
4 y

2 2
Zd(n){U <1,1, el ") T U (1,1,47T ”)}
y &= y y

38. Kanemitsu, Y. Tanigawa and H. Tsukada, Some number theoretic
applications of a general modular relation, International Journal of Number
Theory Vol. 2, No. 4 (2006) 599615.
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Transformation formula for a an even integer

» For a = 0, Wigert-Bellman?® gave the following result: For
Re(y) > 0, we have

Z d e ™ — lOg(y)

Y

2 2
- Zd(n){U <1,1, 4””) T U (1,1,47T ")}
y &= y y

where U(a;¢; z) is Tricomi confluent hypergeometric function
defined by

I'(l1-¢) I(c—1)
I'(a—c+1) T(a)ze—1"
with 1 F (b; ¢; 2) being confluent hypergeometric function given by

> (b),, 2™ I'(a+n
1F1(b;¢;2) == Z_;chinnl, (a)n = (F(Z) )

Ulasc;2) = \Fi(ase;z) + Fila—c+1;2—c2),

38. Kanemitsu, Y. Tanigawa and H. Tsukada, Some number theoretic
applications of a general modular relation, International Journal of Number
Theory Vol. 2, No. 4 (2006) 599615.
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Moments of Riemann zeta function

» An important problem in analytic Number Theory is to
understand the moments

o1

Loy (T) = / ¢ <— + Z't)

0 2

2%k
dt.
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Moments of Riemann zeta function

» An important problem in analytic Number Theory is to
understand the moments
1
— it
(5]

Lok(T) = /OT

For positive real number k, it is believed that

2%k
dt.

Low(T) ~ CuT(log T)¥°

for a positive constant Cy.
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Moments of Riemann zeta function

» An important problem in analytic Number Theory is to
understand the moments
1
— it
(5]

Lok(T) = /OT

For positive real number k, it is believed that

2%k
dt.

Low(T) ~ CuT(log T)¥°

for a positive constant Cy.

» Unfortunately, the only two values of k for which the asymptotics
are known are kK = 1 and k = 2. For other values we have just
conjectures.
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Application in the theory of moments of Riemann zeta

function

o If we define

- —mz Y IOgZ
D(z) := Z d(m)e -
m=1

Then, for z = ize™® 0 < § < 7/2 and o > 0, we have the
transformation formula*

O(z71) = 2miz®(4722) + O(2®).

4E.C. Titchmarsh, The Theory of the Riemann Zeta Function, second ed.,
Oxford University Press, 1986.
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Application in the theory of moments of Riemann zeta

function

o If we define

>, s —log 2
D(z) := Z d(m)e - %
m=1

Then, for z = ize™® 0 < § < 7/2 and o > 0, we have the
transformation formula*

O(z71) = 2miz®(4722) + O(2®).

e By the application of the above transformation formula, following
asymptotic formula for the second moment of the Riemann zeta
function due to Atkinson, is proved by M. Lukkarinen® , as T — oo,

[ <G

4E.C. Titchmarsh, The Theory of the Riemann Zeta Function, second ed.,
Oxford University Press, 1986.

5M. Lukkarinen, The Mellin transform of the square of Riemann’s zeta
function and Atkinson’s formula, Ann. Acad.Sci. Fenn. Math. Diss. 140(2005)
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dt=T (log2 +2v - 1) + E(t).
™




Application in the theory of smoothly weighted

moments

» Smoothly weighted moment of the Riemann zeta function

pato= [Je (1)

2k
e % dt.
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Application in the theory of smoothly weighted

moments

» Smoothly weighted moment of the Riemann zeta function

pato= [Je (1)

» For k = 1, the best formula for Ly(d) was a main term plus an
asymptotic, but not convergent, series of powers of § as § — 07.

2k
e % dt.
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Application in the theory of smoothly weighted

moments

» Smoothly weighted moment of the Riemann zeta function

pato= [Je (1)

» For k = 1, the best formula for Ly(d) was a main term plus an
asymptotic, but not convergent, series of powers of § as § — 07.

2k
e % dt.

» In an interesting paper, Bettin and Conrey® studied the series

o0
Z 0a(n)e*™* where a € C and z € H, showing that it can be
n=1

analytically continued to |arg(z)| < m, and as an application of
their result they proved an exact formula for the second moments
of the Riemann zeta function. Their formula gives an asymptotic
series that is also convergent.

6S. Bettin and J. B. Conrey, Period functions and cotangent sums, Algebra
and Number Theory 7 No. 1 (2013), 215-242.
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Application in the theory of smoothly weighted

moments

» Smoothly weighted moment of the Riemann zeta function

pato= [Je (1)

» For k = 1, the best formula for Ly(d) was a main term plus an
asymptotic, but not convergent, series of powers of § as § — 07.

2k
e % dt.

» In an interesting paper, Bettin and Conrey® studied the series

o0
Z 0a(n)e*™* where a € C and z € H, showing that it can be
n=1

analytically continued to |arg(z)| < m, and as an application of
their result they proved an exact formula for the second moments
of the Riemann zeta function. Their formula gives an asymptotic
series that is also convergent.

» They also gave a simple proof of the Voronoi summation formula.

6S. Bettin and J. B. Conrey, Period functions and cotangent sums, Algebra
and Number Theory 7 No. 1 (2013), 215-242.
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Our objective

» However, in the above results, either an asymptotic estimate for
oo
the series g 04(n)e*™"* is given or a transformation involving a

n=1
line integral, and hence an explicit transformation is missing.
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Our objective

» However, in the above results, either an asymptotic estimate for
oo
the series Z 04(n)e*™"* is given or a transformation involving a
n=1
line integral, and hence an explicit transformation is missing.
» We fill this gap and obtain an explicit transformation for the

o0
series Z oa(n)e” ™ first, for any a € C such that Re(a) > —1,
n=1

and then for Re(a) > —2m — 3, where m € NU {0}, by analytic
continuation.
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Our objective

» However, in the above results, either an asymptotic estimate for
oo
the series Z 04(n)e*™"* is given or a transformation involving a
n=1
line integral, and hence an explicit transformation is missing.
» We fill this gap and obtain an explicit transformation for the

o0
series Z oa(n)e” ™ first, for any a € C such that Re(a) > —1,
n=1

and then for Re(a) > —2m — 3, where m € NU {0}, by analytic
continuation.

» We then obtain, as corollaries, not only the well-known results in
the theory of modular forms but also new transformations for

o0
Z oom(n)e™™, m € Z.
n=1
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Some definitions

» The Generalized hypergeometric series is defined as

a1, a2, ,0p
F (
P~ q

blvb27"' abq

z) = Z (a1)n(a2)n:::(ap))n %n (1.2)

n=0

The above series converges absolutely for all z if p < ¢ and for
|z2| <1if p=g+1, and it diverges for all z A0 if p > ¢+ 1 and
the series does not terminate.

> (a)p:=ala+1)---(a+n—-1)=T(a+n)/T(a).
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Definitions: Bessel functions

» The Bessel functions of the first kind and the second kind of

order v are defined by

=, (<1)™ (z/2)Pm

Jy(2) ::mz::O I+ 15 0) (z,v € C),
Y (2) = Ju(2) cos(mv) — J_,(2) (zeCver),

sin v

along with Y;,(2) = lim, _,,, Y,,(2) for n € Z. Here I'(s) denotes
Euler’s gamma function.
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Definitions: Bessel functions

» The Bessel functions of the first kind and the second kind of
order v are defined by

& —1)m(5/2)2m+v
Tu(2) = n; (m!I?(Tr(L j{ 1)+ ) (z,v€C),

Ju(z) cos(mv) — J_p (%)

sin v

YV(Z) = (Z eCv ¢ Z)7

along with Y;,(2) = lim, _,,, Y,,(2) for n € Z. Here I'(s) denotes
Euler’s gamma function.

» The modified Bessel functions of the first and second kinds are
defined by

L L
e 2™ J, (e2™z if nm<argz<Z
II/(Z) = { D( g )’ ™ g — 2

e2™i ], (em 2™z, if 7 <argz<m,

7l ,(z) = 1,(2)

2 sin vm

K,(2):=

respectively.
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Paper of Koshliakov

» Koshliakov” proved the following remarkable result, that is, for
—t<v<i,

/O 0 (COS(WV)MQ,,@\/E) - sin(m/)ng,(Q\/ED dt = K, (z),

(1.3)
where M, (z) := 2K, (z) — Y, ().

"N. S. Koshliakov, Note on certain integrals involving Bessel functions, Bull.
Acad. Sci. URSS Ser. Math. 2 No. 4, 417-420; English text 421-425 (1938).
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Paper of Koshliakov

» Koshliakov” proved the following remarkable result, that is, for
—t<v<i,

/ K, () (COS(WV)MQ,,@\/E) —sin(m/)le,(Q\/ED dt = K, (z),
0
(1.3)
where M, (z) := 2K, (z) — Y, ().
> It is easy to see though that this identity is valid for complex v
such that —1 < Re(v) < 3.

"N. S. Koshliakov, Note on certain integrals involving Bessel functions, Bull.
Acad. Sci. URSS Ser. Math. 2 No. 4, 417-420; English text 421-425 (1938).
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Paper of Koshliakov

» Koshliakov” proved the following remarkable result, that is, for
—t<v<i,

/ 0 (COS(WV)MQ,,@\/E) - sin(m/)ng,(Q\/:ED dt = K, (z),
" (1.3)
where M, (z) := 2K, (z) — Y, ().
> It is easy to see though that this identity is valid for complex v
such that —1 < Re(v) < 3.
» The kernel

cos(mv) My, (2V/xt) — sin(mv)Ja, (2Vxt)

appears in the Voronoi summation formula.

"N. S. Koshliakov, Note on certain integrals involving Bessel functions, Bull.
Acad. Sci. URSS Ser. Math. 2 No. 4, 417-420; English text 421-425 (1938).
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Koshliakov’'s generalization of modified Bessel function

» Koshliakov gives a more general result of which (1.3) is a special
case, that is, for® g > —1/2 and v > —% + |pls

/0 T Kty (cos(w)MQV(Q\/E) - sin(m/)ng,(Q\/E)) dt
qoHFV=L (e v I( ) % 2
_sfn(mr){ (5) F(l—s);(;i—u)lFQ (1—ﬂ:1_y 4)

)

(1.4)

_(f)VI‘(u—FV—F%)F p+v+s
2) TA+urd) "2\ L14v

8When u # —v, this result actually holds for v € C\ (Z\{0}), Re(n) > —1/2,
Re(v) > —1/2 and Re(p + v) > —1/2; otherwise, it holds for —1/2 < Re(v) < 1/2.

Rahul Kumar Gonit Sora Seminar May 28, 2021



Koshliakov’'s generalization of modified Bessel function

» Koshliakov gives a more general result of which (1.3) is a special
case, that is, for® g > —1/2 and v > —% + |pls

/0 T Kty (cos(w)MQV(Q\/E) - sin(m/)ng,(Q\/E)) dt
qoHFV=L (e v I( ) % 2
_sfn(mr){ (5) F(l—s);(;i—u)lFQ (1—ﬂ:1_y 4)

)

(1.4)

_(f)VI‘(u—FV—F%)F p+v+s
2) TA+urd) "2\ L14v

» Upon letting ;1 = —v in (1.4) gives (1.3) as the right-hand side
reduces to K, (z).

8When p # —v, this result actually holds for v € C\ (Z\{0}), Re(u) > —1/2,
Re(v) > —1/2 and Re(p + v) > —1/2; otherwise, it holds for —1/2 < Re(v) < 1/2.
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Koshliakov’'s generalization of modified Bessel function

» Koshliakov gives a more general result of which (1.3) is a special
case, that is, for® g > —1/2 and v > —% + |pls

/0 T Kty (cos(w)MQV(Q\/E) - sin(m/)ng,(Q\/E)) dt
qoHFV=L (e v I( ) % 2
_sfn(mr){ (5) F(l—s);(;i—u)lFQ (1—ﬂ:1_y 4)

)

(1.4)

_(f)VI‘(u—FV—F%)F p+v+s
2) TA+urd) "2\ L14v

» Upon letting ;1 = —v in (1.4) gives (1.3) as the right-hand side
reduces to K, (z).

» Therefore, the right-hand side of (1.4) can be conceived to be a
one-variable generalization of K, (x).

8When p # —v, this result actually holds for v € C\ (Z\{0}), Re(u) > —1/2,
Re(v) > —1/2 and Re(p + v) > —1/2; otherwise, it holds for —1/2 < Re(v) < 1/2.
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A generalization of modified Bessel function K, (z)

Our generalization of Koshliakov’s generalized modified Bessel
function is deﬁned for v € C\ (Z\{0}), and z, u, w € C such that

M+U}§£ a 37_57 ' 7by
K w2 () TT(ptw o 5) ptwty |2
" V(sz) = . 1 12 1
sin(vm) (T(1—-v)I(w+35—v) w+ 5 —v,1-v|4

_(f)VI‘(u—i-u—Fw—i—%)F p+v+w+ i
2 I‘(l—i—y)l"(w—i—%)l ? +i14v

1)

with , Ko(z,w) = lim, ¢ . K, (2, w).
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A generalization of modified Bessel function K, (z)

Our generalization of Koshliakov’s generalized modified Bessel
function is deﬁned for v € C\ (Z\{0}), and z, u, w € C such that

M+U}§£ a 37_57 ' 7by
K w2 () TT(ptw o 5) ptwty |2
" V(sz) = . 1 12 1

sin(vm) (T(1—-v)I(w+35—v) w+ 5 —v,1-v|4

_(f)VI‘(u—i-u—Fw—i—%)F p+v+w+ i
2 I‘(l—i—y)l"(w—i—%)l ? +i14v

1)

with , Ko(z,w) = lim, ¢ . K, (2, w).
o When w =0, , K, (2, w) reduces to Koshliakov’s generalized modified
Bessel function of the second kind.
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A generalization of modified Bessel function K, (z)

Our generalization of Koshliakov’s generalized modified Bessel
function is deﬁned for v € C\ (Z\{0}), and z, u, w € C such that
HFw 7& a 37 T2 by

mav syl
,uKl/(sz) = {

sin(v)

() "T(p+w+1i) p+w+ i
T(1—v)l(w+L-v)"?

2/ T(1+v)I(w+ 3)

with , Ko(z,w) = lim, ¢ . K, (2, w).

o When w =0, , K, (2, w) reduces to Koshliakov’s generalized modified

Bessel function of the second kind.
e Also,
LKy (z,w) = 2K, (2).

1
w+s—v,1l-v

(E)VI‘(M—i-V—Fw—i—%)F p+v+w+ i
142 —f-%,l—’—lj

il
1

ISR

)
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Main result

Theorem (Dixit-Kesarwani-K.)

Let Re(y) > 0. For Re(a) > —1, the following transformation holds:

i oq(n)e”™ + % <<2§> l+a cosec (%a) + 1) C(—a) — ¢(1—a)

n=1 Yy

B 27 > - (2mn)~® l—a _ a 47rin?
= —ysin (‘”_a) Z a(n) <—F(1 —a) 155 (1, 5 ,1 —)

-(5) = (%))
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Main result

Theorem (Dixit-Kesarwani-K.)

Let Re(y) > 0. For Re(a) > —1, the following transformation holds:

i oq(n)e”™ + % <<2§> l+a cosec (%a) + 1) C(—a) — ¢(1—a)

n=1 Yy
27 > (2mn)~® 1-a a 4min?
== 0 (1 —= -2
ysin (%) Zga(n)<r(1 —a)’ ( T2 2y
a 2
— <2—7T> cosh (47T n) .
Yy Yy
e Note that the right-hand side of the above transformation is nothing

but
(477271, )
y )

4

Nﬂza

1+ 4

wlm
m»—A

wla
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Master identity

Theorem (Dixit-Kesarwani-K.)

Let Re(y) > 0 and m € NU{0}. Then for Re(a) > —2m — 3, the
following identity holds:

i —ny 1 2 Lia Ta 1 ¢(1-a)
oa(n)e”™ + 3 W cosec (%) + 1) ¢(—a) — ==

2V2rw -2 4n%n 7r2%+a 4m3n —272
= 1+2 Zaa : % % ( Yy ) sin("Q—“) ( Yy )

0) —
L Anin 2mr)— 23 = a+2k+2)¢(2k+2 72 —2k
X Am (%, 5,0; 4 ) } - y(sin()%a) > A (47) )

)
k=0

(—1)7* 3T (p+w+ & + k) (z)—%
T (—v—p—kT(-—v—p—w—k) \2
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Outline of the proof

» Koshliakov’s result is:

/0 T Ky (cos(m) May (29/21) — sin(wv) Jo, (2v/21) ) dt
w2t g L(p+ 1) A= x2
~ sin(vm) { (5) r(t—vr - V)1F2 ( —v, 12 4)

3 v
x?
4

o\ Dp+v+3) p+v+g
_(5) I(1+ )F(2)1F2< Il4w
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Outline of the proof

» Koshliakov’s result is:

/000 K, ()t (cos(ﬂ'u)Mg,,(Q\/nE) - sin(m/)Jg,,(Z\/aE)) dt
w2t g L(p+ 1) A= x2
~ sin(vm) { (5) r(t—vr - V)1F2 ( —v, 12 4)

2 2

22

1 .
nd replace = by 472z /y in the above equation

fe"” to obtain
/000 e Wts (cos( 5 ) o (4m/xt) — sm( ) (4ﬂf))

_ 1 :177%(27r)_a1F2 <1;1a71_a’4ﬂ'4 2)
ysin (Z2) | T'(1-a) 2 27 y?

_(£>VF(;L+V—|—%) p+v+g
2) T(L+u)r(3) 2\ L1+

\ Q

> Let p= % =
and then use K

M\»—- V]
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Proof continued

» The following analogue of Voronoi summation formula for o, (n)
due to Guinand is one of the main tool for the proof.
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Proof continued

» The following analogue of Voronoi summation formula for o, (n)
due to Guinand is one of the main tool for the proof.

» Let —% < Re(a) < 3. If f(z) and f’(x) are integrals, f tends to
zero as © — o0, f(x), zf'(z) and 2% f”(x) belong to L?(0,o0), and

g(z) = 277/000 f@) (cos( ) ) o (4my/xt) —sm( 5 ) (47T\F))

then the following transformation holds:

3ol =<4 [t @ e —c - [ ot
=S oatintoln) ~ ) [ otglair—c-w [t
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Proof continued

>

>

The following analogue of Voronoi summation formula for o, (n)
due to Guinand is one of the main tool for the proof.

Let —1 < Re(a) < 1. If f(z) and f’(z) are integrals, f tends to
zero as © — o0, f(x), zf'(z) and 2% f”(x) belong to L?(0,o0), and

g(z) = 277/000 f@) (cos( ) ) o (4my/xt) —sm( 5 ) (47T\F))

then the following transformation holds:

3ol =<4 [t @ e —c - [ ot
=S oatintoln) ~ ) [ otglair—c-w [t

The phrase ‘f(x) is an integral’ means f is an integral of some
function, that is, f can be written in the form f(z f h(t

for some functlon hand —o0 <a < .

First we prove our result for 0 < a < % and y > 0 then extend it
by analytic continuation to Re(a) > —1 and Re(y) > 0
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Proof continued

» Let f(z) = e Y23, Then
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Proof continued

» Let f(z) = e Y23, Then

2 x5 (27)" 1—a a 4rix?
9(z) = ——— (2r) 115 (1;71—')
ysin (%) | T(1—-a

() e ()}

» It is easy to see

Rahul Kumar
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Proof continued

» Let f(z) = e Y23, Then

2 x5 (27)" 1—a a 4rix?
o= g [ g ()

B ysin( 5

() e ()}

» It is easy to see

» For 0 <a < 1/2and y > 0,

o, 27270 sec (I2)
/0 x2g(x) de = (=) ,

x~2g(z) de = 0.

Gonit Sora Seminar
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Proof continued

» After some simplification, for 0 < a < % and y > 0, we proved:

i oa(n)e™ ™ + % <<2;> o cosec (%a) + 1) ((~a) — (A-a
n=1

Y

2 (2mn)—@ 1-a a 4rin?
ysin (22) > _a(n) (m_a)le <1, — ol
n

() e () |
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Proof continued

» After some simplification, for 0 < a < % and y > 0, we proved:

i oa(n)e™™ + % <<2;> l+a cosec (%a) + 1) C(—a) — A—a)
n=1

Y

2 (2mn)—@ 1-a a 4rin?
ysin (22) > _a(n) (F(l_a)le <1, — ol
n

() e () |

V2T o . 4r?
_2 WZUa(n)niféK% < 4 nvo).

» Note that, as n — oo, %K% (%,O) = O(n—%Re(a)—Q)_
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Proof continued

» After some simplification, for 0 < a < % and y > 0, we proved:

ni_o:laa(n)e"y + % <<2;> 14a cosec (%a) + 1) C(~a) — ¢((1-a)

Y

2 (2mn)—@ 1—a a 4n*n?
= > o) | B (11— 5
T ;‘7 (n)<r(1_a)1 2< 2 27 2

() e () |

2271 & . 472
= WZUa(n)nzéK;< ano).

» Note that, as n — o0, 1 Ka (@,0) = O(n—%RE(a)—Q)_
2 2 Yy

» This shows that the right-hand side converges uniformly for
Re(a) > —1 therefore it is analytic in this region. It is also easy
to see that left-hand side is also analytic in this region, therefore
transformation holds for Re(a) > —1.
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Asymptotic of , K, (z,w)

Lemma (Dixit-Kesarwani-K.)

Let |arg(—z)| < mw. As z — oo,

7T23u+2u+2w
wKy (2, w) = S () 7oA {Am(,u, v,w; 2) + B (u, v, w; 2)
+ Opw (|2]72™72) } (1.5)
where

m (—1)"# ¥ 30 (p+w+ L+ k) (_)f%

S KD (—v—p—RT (G —v—p—w—k)
& (yE w—%r(u+y+w—|— +k) —2k
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Analytic continuation of the Main result

» If we rewrite the right-hand side then

i oq(n)e” ™ + % ((2;> 1+a cosec (?) +1)¢(=a) - (1—a)

y
2V/21 & . 4r? 28+a [ gn2p\ 272
= JZ%(n)n‘z{lK; ( . n’0> - ( . n)
Yy T2 — 2 Yy sSin (7) Yy
1 a _4nn yr =52 SN oy (n) 1 a _4rn
% A (=, 2 0; + A (20,222
’"<22 Yy )} 2sin(%);n“+2 ’”(22 Y )
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Analytic continuation of the Main result

» If we rewrite the right-hand side then

i oq(n)e” ™ + % ((2;> 1+a cosec (?) +1)¢(=a) - (1—a)

20271 & . An? 98+ /gn2p\ "2 72
S i (22) 25 ()
y'ts Y s )\ v

n=1

1 a 4n’n wa‘ks/z >
A - =, 0, —— E
X m<2a270a y )}_FQSiIl(Tm)

2 ) n=1
» Note that

2
_ Oa,y (n72m747%Re(a)+%\Re(a)|+e) )

Rahul Kumar Gonit Sora Seminar
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Analytic continuation of the Main result

» If we rewrite the right-hand side then

iaa(n)e_”y + % ((?) o cosec (%) +1|{(—a) - C(ly—a)

20271 & . An? 98+ /gn2p\ "2 72
- WZoa(n)n_z{lK;( 7Tn’0>_ 7r 2m ( wn)
: y sin () \ v

y1+% n=1
1 a _4nn yr =52 SN oy (n) 1 a _4rn
Am | =, 2,0, — LA (==, 00— ).
» Note that

oa(n) K (4772n 0) _ r23te (477271);2,4 <1 0. 4772”)]
nsg 12 2\ y '’ sin (Z2) y " 272"y J
=0, y (n72m747%Re(a)+%\Re(a)|+e) )

» This implies that the series on the right-hand side converges
uniformly in Re(a) > —2m — 3 + € for any € > 0. Since the
summand is analytic, we see by Weierstrass’ theorem that this
series represents an analytic function of a for Re(a) > —2m — 3.
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Proof continued

» Use the well-known fact

nS

S0 si(s - 2), (1.6)

valid for Re(s) > max{1, 1+ Re(z)} to simplify
ym—@=5/2 i Oa(n)A <1 a 47r2n>
2sin (Z2) not2 T 27277y

2 n=1

as

m

L y(@m) 3 N C(at 2k + 2)¢(2k +2) (4n2\ T
sin (%) kZ:O I(—a—1-2k) ( Yy > '
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The transformation for > , g9,,,(n)e™", m > 0

Theorem (Dixit-Kesarwani-K.)

Let m € N. Then for Re(y) > 0, we have

0o
_ (Zm)' Bgm
Z 02m<n)e ny _ y2m+1 g‘(2m + 1) T Ty

2 [2r\ 2Tt X2 (47r2n (4ﬂ2n)
— (2 (Z ) R | e e
2 (2) X <>{ : .

n=1

42 42 m 42 —2j
_cosh< Z”)cm( 7;”)+z<2j_1>!( ”yn)
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The transformation for > , g9,,,(n)e™", m > 0

Theorem (Dixit-Kesarwani-K.)

Let m € N. Then for Re(y) > 0, we have

—m (Zm)' Bgm
Z gam(n)e”" — 2t (2m+1) + 2my
2 [or Pt X (4ﬂ2n) (4ﬂ2n)
=(-1)"— | — o2m(n)] sinh [ —— | Shi
=" ( y) Z ’ { y y
47r2n) . (47r n) LA <47T2n>_2j
— cosh Chi + 27 — 1)! .
() e (57) + -

e The functions Shi(z) and Chi(z) are the hyperbolic sine and cosine
integrals defined by

Shi(z) = / sinh(®)
ot

* cosh(t) — 1
Chi(z) ==y + log(z) + / % dt, where v is Euler’s constant.
0

Rahul Kumar
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The series in modular v/s in non-modular

transformations

e The series >~ | oam(n)e™™ as well as >~ | 0_opm(n)e” "™ and
oo d(n)e™"Y gets transformed to

o0 2 2 2
Zagm(n) sinh <4W n> Shi <4W n> — cosh <47r n> Chi <47r n>
— y y y y

e This is a natural analogue of the series

> 472 4 ax2n
Z Oom+1(n) {Sinh (2”) — cosh ( il n) } Z Tomy1(n)e” v .
n=1

which appears in the corresponding transformation satisfied by
Zflo:l O2mt1(n)e Y.
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» Our transformation is:
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» Our transformation is:

» Observe that we have % form on the both sides of the above
transformation.
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» Our transformation is:

» Observe that we have % form on the both sides of the above
transformation.

» Therefore we need to find the derivative of 1 F5. That is also new:
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Derivative of 1 F5

Lemma (Dixit-Kesarwani-K.)

Let n € N, m € NU{0} and y € C. Then

d 1 a 1—a 47*n?
- (11 - —=. "
da(ru—a)1 2<’ 22 7 )) ~
4m2n\ 2" 42 42 42 42
:<7rn> sinh(wn)Shi(wn)—cosh(wn)(]hi<7rn
Yy Yy Yy Yy

y
4 2 4 2 e 4 2 —2j
+log( 7;”) cosh< 7;”) +Z(2j—1)!( 7;”) }

Jj=1
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Ramanujan’s formula

as a special case

e As a special case a = —2m — 1, m > 0 of our Theorem, we get the
famous formula of Ramanujan for ¢(2m + 1):

Theorem (Ramanujan)
Let o, B > 0 with aff = 2.

m+1

22m Z

Then for m € Z\{0}, we have
i 1 —2m—1
a {2((2m+1 +ZT_1}

1 —2m 1
=(-p™ {24(2m+1 +Z S — 1}

BQkB2m+2 2% mal_k
12m + 2 — 2k)!

ﬂk

Rahul Kumar
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A nice companion to Ramanujan’s formula

Theorem (Dixit-Kesarwani-K.)

Let m € N. If a and 8 are complex numbers such that Re(a) > 0,
Re(B) > 0, and a8 = 72, then

n=1
= ( 1)m+1ﬁ—(m—%) {ZC(Qm) + % Zn—Qm (1/} (@) o (_mﬁ >}
n=1
m—1 22k7132k N
> g $@m = 2k at

e Here ¢(z) =T"(2)/T'(2) is the digamma function.
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Other transformations from the literature

If g : Z — C has period ¢ then g has mean value
M(g) = 1 9~1 g(n), and the Dirichlet series

— g(n)

L(s,g) =

n=1

converges absolutely in the half-plane {s € C: Re(s) > 1}.
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Other transformations from the literature

If g : Z — C has period ¢ then g has mean value

M(g) = ¢ 20 t g(n), and the Dirichlet series
L(s,g) = Y 40
n=1 "

converges absolutely in the half-plane {s € C: Re(s) > 1}.

Theorem (Bradley)

Let m and q be positive integers, w = e*™/™ g : 7 — C periodic of
period q. Let a, >0 with aff = 7. If g is odd then

—2m
—'rn-ﬁ—l ]' g(n>
e 2 {aL(2m g) + Z e ]

‘171 €9 —2m
_(_1\ymp—m+i. —1 n
_( 1) B 27’(] Zg(k)ZEQnﬁ/qwk_l
k=1 n=1
+ 3 (=17 I ETBTIC(25) L(2m — 25 + 1, g).

Jj=0

Rahul Kumar
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Theorem continued

If g is even then

. 1 0 n72mflg n)
« {iL(Qm-i-l,g)-f-Zezna—_l

n=1
1 q—1 00 n—2m—1
= (-1)™g—™ {iM(g)C@m +1)+ g ;g(k) 7;1 e2nBlagk — 1 }
m+1
+ > (—1) el T BTIC(25) L(2m — 2 + 2, ).
=0

Rahul Kumar Gonit Sora Seminar May 28, 2021



Theorem continued

If g is even then

m )1 o~ n " lg(n)
o' {iL(Qm-i-l,g)'f‘Zezna—_l

n=1
1 q—1 00 n—2m—1
= (-1)™g—™ {iM(g)C@m +1)+ g ;g(k) 7;1 e2nBlagk — 1 }
m+1
+ > (—1) el T BTIC(25) L(2m — 2 + 2, ).
=0

» The above result is due to Bradley®.

9D. M. Bradley, Series acceleration formulas for Dirichlet series with periodic
coefficients, Ramanujan J. 6 (2002), 331-346.
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Theorem continued

If g is even then

)| L )

o' §L(2m+1’g)+262na—_1
n=1
1 L q—1 €9 n—2m—1
=(-1)"p > M(9)¢(2m+1) +q Zg(k)ZW
k=1 n=1
+ (-1t ad Tl C(25) L(2m — 2 + 2, ).
j=0

» The above result is due to Bradley®.
» Berndt also obtained similar results'©.

9D. M. Bradley, Series acceleration formulas for Dirichlet series with periodic
coefficients, Ramanujan J. 6 (2002), 331-346.

10B.C. Berndt, Periodic Bernoulli numbers, summation formulas and
applications, in: Theory and Application of Special Functions, R.A. Askey, ed.,
Academic Press, New York, 1975, pp. 143-189.
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More about new companion to Ramanujan’s formula

Theorem: Let m € N. Then for Re(y) > 0, we have

S o am(me ™ + (; +(-1ym2 (Qyw)ml) C(2m) = 207 (%)2’"*1
n=1

™

) 9 ) , ,
x ZU_Qm(n) {sinh (47T n) Shi (47T n) — cosh (47T n) Chi (47T n)}

2 1, 22 T (—1)kH \
—log (y) ¢(2m) + 5( (2m) + ol 2 W((Qk +3)¢(2m — 2k — 2]
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More about new companion to Ramanujan’s formula

Theorem: Let m € N. Then for Re(y) > 0, we have

5 et (e 0m2 ()7 ctom - 27 ()

2 2 2 2
[Za o {smh (4” ”) Shi (4” ”) — cosh (4” ”) Chi (4” ”)}
y y y y

) g m—1 -1 k+1
2N~ U ok 8)c(2m - ok -2

y? k=0 (27r/y) -

o We make use of the following beautiful recent resul

~log (2?”) C(2m) + 3¢'(2m) +

t1l:

Theorem (Dixit, Gupta, K.-, Maji)

Let Re(u) > 0. Then

[ wve =3 (G -2 (v (@) o (5))

HA. Dixit, R. Gupta, R. Kumar and B. Maji, Generalized Lambert series,
Raabe’s cosine transform and a generalization of Ramanujan’s formula for

1 Nacova \Ma 020
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Transformation satisfied by the weight-2 Eisenstein

series Fs(2)

The limiting case a — 1 of our Theorem gives an equivalent form of
the transformation satisfied by the weight-2 Eisenstein series Fs(z) on
SLs (Z), namely, E; (—1) = 22Ey(2) + 2.

Let o, B be such that Re(a) > 0,Re(B) > 0 and a8 = n2. Then

_l’_
O‘Ze%a_ +6Z€2n5 _0245_

| =
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» Note that

. 1 a 1—a 47*n? dm3n | 4m3n
lim ——— F [ 1;1 — —, , = sinh .
a>1T(1 —a) 27 2 y? Y Yy
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» Note that
1 1—a 47*n? 47 47
lim ———F> [ 1;1 — g, a7 Ty nsinh Ty,
a>1T(1 —a) 27 2 y? Y Yy

» Let a =1 in the main result. Using the well-known special values
¢(—=1) = —-1/12, ¢(0) = —1/2 and invoking (1.8), we see that

> 1 4 1
Za<n>e-”y—24(1+ il )+

= y? 2y

4n? & 42 4m?
:% o(n) (sinh( 7Tn)—cosh( ﬁn))
y? — y y

7'(' oo
:77;
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» Note that
1 1—a 47*n? 47 47
lim ———F> [ 1;1 — g, a7 Ty nsinh Ty,
a>1T(1 —a) 27 2 y? Y Yy

» Let a =1 in the main result. Using the well-known special values
¢(—=1) = —-1/12, ¢(0) = —1/2 and invoking (1.8), we see that

> 1 4 1
Za<n>e-”y—24(1+ il )+

= y? 2y

4n? & 42 4m?
:% o(n) (sinh( 7Tn)—cosh( ﬁn))
y? — y y

7'(' oo
:77;

» Letting y = 2a with a8 = 72 then leads to (1.7).
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Transformation formula satisfied by the logarithm of

the Dedekind eta function as a special case

Next, we give a corollary which is equivalent to the transformation
formula satisfied by the logarithm of the Dedekind eta function.

Corollary (Dixit-Kesarwani-K.)

If o, B are such that Re(a) > 0,Re(B) > 0 and o = 72, then

7;104(71)6_2”“ ;o_l(n)e_znﬁ = —ﬂ 5 + élll (E) ;
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Wigert-Bellman result as a special case
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Wigert-Bellman result as a special case

Let Re(y) >0

i e~ _ _ Y IOg(y)
= 4
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Wigert-Bellman result as a special case

equivalently,
Z e~ _ Z Y- log(y)
el Y

Z{ (2””)—2(w(zﬁ”)W(—T))}-

e The series on the right-hand converges as we have, as z — oo,

b2 1 S B L,
BB Ty T 1222 T 12024 25246
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Koshliakov’s kernels

As we discussed earlier that Koshliakov studied the following two
kernels

cos(mv) My, (2V/xt) — sin(mv)Jy, (2Vxt), (1.9)
sin(mv)Jo, (2Vxt) — cos(mv) Lo, (2V/xt), (1.10)
where
2 2
M, (x) := ;Ky(x) -Y,(z), L,(z):= —;Ku(x) Y, (x)
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Generalization of Koshliakov’s kernels

Let z > 0, v € C\ (Z\{0}) and w € C. We define a generalization of
the two Koshliakov kernels in (1.9) and (1.10) by
z2
16

'@ —v)'(w+1/2)T (w+1/2-v)

z?
16

Fr1+v)l(w+1/2)T (w+1/2+v)

<x)—]/ of3 (1V,w+l/2,w+1/21/

G, (2, w) = — (f)w :

sin(vm) \4

(x)u ok <1+V,w+1/2,w+1/2+y

0 . (1.11)

where F3 are the hyper-Bessel functions whose theory, in the general
case, that is for ¢ F},, was initiated by Delerue.
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eneralization of Koshliakov’s kernels
G lizat f Koshliak

Let z > 0, v € C\ (Z\{0}) and w € C. We define a generalization of
the two Koshliakov kernels in (1.9) and (1.10) by
_ 22
N oF3s 1—v,w+1/2,w+1/2—v |16
(Z) I(1—v)L(w+1/2)T (w+1/2 —v)

F - z?
053 \ 14v,w+1/2,w+1/2+v | 16

B (Z) 1+ )0 (w+1/2)T (w+1/2 +v)

s

G, (z,w) == (%)w

sin(vm)

(1.11)

)

where F3 are the hyper-Bessel functions whose theory, in the general
case, that is for ¢ F},, was initiated by Delerue.

» The hyper-Bessel functions have been found useful in many
applications, for example, they are used to understand the
wavefields and the elements of the non-adiabatic transition
matrix and the tunnelling loss matrix!2.

12N. S. Witte, Ezact solution for the reflection and diffraction of atomic de
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eneralization of Koshliakov’s kernels
G lizat f Koshliak

Let z > 0, v € C\ (Z\{0}) and w € C. We define a generalization of
the two Koshliakov kernels in (1.9) and (1.10) by
_ 22
N oF3s 1—v,w+1/2,w+1/2—v |16
(Z) I(1—v)L(w+1/2)T (w+1/2 —v)

_ 2
T\V ol <1+u,w+1/2’w+1/2+’/ fﬁ)
- (Z) FA+v)(w+1/2)T (w+1/2+v)

G, (2, w) = — (f)w

sin(vm) \4

(1.11)

)

where F3 are the hyper-Bessel functions whose theory, in the general
case, that is for ¢ F},, was initiated by Delerue.

» The hyper-Bessel functions have been found useful in many
applications, for example, they are used to understand the
wavefields and the elements of the non-adiabatic transition
matrix and the tunnelling loss matrix!2.

» The two expressions inside the square brackets in (1.11) are
entire functions of v and w. As a function of v, ¢, (x,w) has a
pole at every non-zero integer but a removable singularity at 0.

12N. S. Witte, Ezact solution for the reflection and diffraction of atomic de
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» The kernel ¥, (x,w) is not new. In fact, it is a special case of the
well-known kernel introduced by Watson'®, namely,

Ay de
t t

o) = Alen) " [~ 00,

3G, N. Watson, Some self-reciprocal functions, Quart. J. Math. (Oxford)2
(1931) 298-309.
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» The kernel ¥, (x,w) is not new. In fact, it is a special case of the
well-known kernel introduced by Watson'®, namely,

Ay de
t t

o) = Alen) " [~ 00,

» Also, for |[Re(v)| < Re(w) + 1, we have

gp (.T, w) = wwfufé,uﬂruf% (‘T)

13@G. N. Watson, Some self-reciprocal functions, Quart. J. Math. (Oxford)2
(1931) 298-309.
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» The kernel ¥, (x,w) is not new. In fact, it is a special case of the
well-known kernel introduced by Watson'®, namely,

Ay de
t t

o) = Alen) " [~ 00,

» Also, for |[Re(v)| < Re(w) + 1, we have
gp ($, w) = wwfufé,uH»Vf% (‘T)
» Watson’s kernel and its many other generalizations have been

studied by many authors like Bhatnagar'®, Olkha and Rathie!®,
Dahiya!® etc.

13@G. N. Watson, Some self-reciprocal functions, Quart. J. Math. (Oxford)2
(1931) 298-309.

MK. P. Bhatnagar, On self-reciprocal functions and a new transform,
Bull. Calcutta Math. Soc. 46 (1954), 179-199.

15@G. S. Olkha and P. N. Rathie, On a generalized Bessel function and an
integral transform, Math. Nachr. 51 (1971), 231-240.

16R. S. Dahiya, On some results involving Jacobi polynomials and the
generalized function @y, ... u, (z),Proc. Japan Acad. 46 (1970), 605-608.
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In spite of so much work done on Watson’s kernel, its importance
from the point of view of number theory has not been recognized
before. For example, while it is known !7 that for 2 > 0,

%%(ac,w) = ng_1(2\/5), (112)

7G. H. Hardy, The resultant of two Fourier kernels, Math. Proc. Cambridge
Philos. Soc. 31 (1935), 1-6.
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In spite of so much work done on Watson’s kernel, its importance
from the point of view of number theory has not been recognized
before. For example, while it is known 7 that for = > 0,

ff%(:r,w) = JQw_1(2\/E), (112)
it has not been noticed before that when w = 0 and 1, the kernel
L= W (x), or equivalently ¥, (z,w), reduces respectively to
the first and second Koshliakov kernels:

Theorem (Dixit-Kesarwani-K.)
Let x > 0. Then

4,(z,0) = cos(mv)Ma, (2v/z) — sin(nv)Ja, (2VT),

7G. H. Hardy, The resultant of two Fourier kernels, Math. Proc. Cambridge
Philos. Soc. 31 (1935), 1-6.
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In spite of so much work done on Watson’s kernel, its importance
from the point of view of number theory has not been recognized
before. For example, while it is known 7 that for = > 0,

ff%(x,w) = JQw_1(2\/E), (112)
it has not been noticed before that when w = 0 and 1, the kernel
L= W (x), or equivalently ¥, (z,w), reduces respectively to
the first and second Koshliakov kernels:

Theorem (Dixit-Kesarwani-K.)
Let x > 0. Then

4,(z,0) = cos(mv)Ma, (2v/z) — sin(nv)Ja, (2VT),
94, (x,1) = sin(nv)Ja, (2v/x) — cos(mv) Lo, (21/T).

» These kernels are of prime importance in number theory, for

example see'8, 19,
7G. H. Hardy, The resultant of two Fourier kernels, Math. Proc. Cambridge
Philos. Soc. 31 (1935), 1-6.
18B. C. Berndt, A. Dixit, A. Roy and A. Zaharescu, New pathways and
connections in number theory and analysis motivated by two incorrect claims of
Ramanujan, Adv. Math. 304 (2017), 809-929.
19A. Dixit and R. Kumar Supemmposmg theta structure on a generalized

s %) 00
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A beautiful result involving %, (x,w) and , K, (x,w)

Theorem (Dixit-Kesarwani-K.)

Let x > 0, Re(w) > —1/2 and v € C\ (Z\{0}). Let ¥, (x,w) be defined
in (1.11). If p # —v, then for Re(u), Re(v), Re(p + v) > —Re(w) — 1,
we have

/ Ko ()8, (ot w) dt = K, (z, w), (1.13)
0
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A beautiful result involving %, (x,w) and , K, (x,w)

Theorem (Dixit-Kesarwani-K.)

Let x > 0, Re(w) > —1/2 and v € C\ (Z\{0}). Let ¥, (x,w) be defined
in (1.11). If p # —v, then for Re(u), Re(v), Re(p + v) > —Re(w) — 1,
we have

/ Ko ()8, (ot w) dt = K, (z, w), (1.13)
0
otherwise, for —Re(w) — 3 < Re(v) < Re(w) + 1, we have

27

/ 0 (09, (ot w) dt = 5K (). (1.14)
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A beautiful result involving %, (x,w) and , K, (x,w)

Theorem (Dixit-Kesarwani-K.)

Let x > 0, Re(w) > —1/2 and v € C\ (Z\{0}). Let ¥, (x,w) be defined
in (1.11). If p # —v, then for Re(u), Re(v), Re(p + v) > —Re(w) — 1,
we have

/ Ko ()8, (ot w) dt = K, (z, w), (1.13)
0

otherwise, for —Re(w) — 3 < Re(v) < Re(w) + 1, we have

/ 0 (09, (ot w) dt = 5K (). (1.14)

e Next we discuss an application of this result.
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A new transformation for ry(n)

e Let 7, (n) denote the number of representations of a positive integer

n as the sum of k squares, where different signs and different orders of

the summands give distinct representations. For example r2(5) =

Theorem (Dixit-Kesarwani-K.)

Let k € N,k > 2 and Re(z) > 0. Define R(u, k) by

m(uakaz) ::{ 1k .
=T L), ifr=—3

Then for Re(p) > —% or p = —1/2, the following transformation
holds:

oo Lael k 1
+1 2 2T (u+ 3 +3)
> e K () - e

™ - m™n k s
- ZH"F%‘F% nZ::lrk(n Kl (7’1) (%) M,k,Z)-

4
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A well-known modular transformation

Let k be an integer such that k > 2 and let Re(z) > 0. Then

> T 5 — 2

mn
g re(n)e "% = (—) E rp(n)e” = .
n=0 z n=0
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Outline of the proof

We employ the following transformation of Guinand®® (also known to
Popov?!) in a rigorous formulation given by Berndt, Dixit, Kim and
Zaharescu??.

20 A, P. Guinand, Concordance and the harmonic analysis of sequences, Acta
Math. 101, No. 3 (1959), 235-271.

21A. 1. Popov, On some summation formulas (in Russian),
Bull. Acad. Sci. L’'URSS, 7 (1934), 801-802.

22B. C. Berndt, A. Dixit, S. Kim and A. Zaharescu, Sums of squares and
products of Bessel functions, Adv. Math. 338 (2018), 305-338.

Rahul Kumar Gonit Sora Seminar May 28, 2021



Outline of the proof

We employ the following transformation of Guinand®® (also known to
Popov?!) in a rigorous formulation given by Berndt, Dixit, Kim and
Zaharescu??

Theorem: Let k£ be a positive integer greater than 3 and let

m = |1k| — 1. Let F(z), F'(z), F"(z),...,F®m=V(z) are integrals,
and F(z),oF'(x),z2F"(z),..., 2" F?™)(z) belong to L?(0,00).
Moreover, as r — o0, let

F(z) = Oy, (x—%—%—f) : (1.15)

for some fixed 7 > 0. Let the function G be defined by

—7T/ F(t)J5_, (2m\/yt) dt (1.16)

20 A, P. Guinand, Concordance and the harmonic analysis of sequences, Acta
Math. 101, No. 3 (1959), 235-271.

21A. 1. Popov, On some summation formulas (in Russian),
Bull. Acad. Sci. L’URSS, 7 (1934), 801-802.

22B. C. Berndt, A. Dixit, S. Kim and A. Zaharescu, Sums of squares and
products of Bessel functions, Adv. Math. 338 (2018), 305-338.
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and assume that it satisfies
Gly) = 0n (v 5747),

for 7 > 0, as y — oo. Then

k o0
Zrk(n)n%_%F( )—W—k/ x _%F(x)dm
n=1 F 5) 0
oo 71'% 00
= Zrk(n)n%_gG(n) - —k/ xg_%G(x) dx
n=1 r 5) 0
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and assume that it satisfies

G(y) = Ok (y*%*%”), (1.17)
for 7 > 0, as y — oo. Then
o0 k %)
Zrk(n)n%_%F( ) Ijrk / 172 F(z)dx
n=1 §) 0
=" re(n)n*"iG(n) T/ 273G (z) da. (1.18)
n=1 F 5) 0

For k = 2 and 3, (1.18) holds if F is continuous on [0, 00),
F(z),zF'(x) € L*(0,00), and F satisfies (1.15), and if G is defined in
(1.16) and satisfies (1.17).
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and assume that it satisfies

Gly) = Ox (y 47477), (1.17)
for 7 > 0, as y — oo. Then
0o k e
Zrk(n)n%—%}?( ) ljrk / x4 2F(x)dx
n=1 5) 0
0o 7'('% o)
=Y ntond iem - I [ et i@y
n=1 F(E) 0

For k =2 and 3, (1.18) holds if F is continuous on [0, 00),
F(z),zF'(x) € L*(0,00), and F satisfies (1.15), and if G is defined in
(1.16) and satisfies (1.17).
» Replace x by 72z /z, then let v = % and w = % in the resulting
equation, and use ¥1 (z,w) = Jow—1(24/x), so that for

Re(l“’) > _E - %a

oo 1 1 v k
/ t“+%+5Kﬂ(tz)J%_l(27T\/R) dt = Ky (” ) .

0 P z 4
(1.19)
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Proof continued

— k43 — s “x k
b Let F(x) = a4 K, (02) and Olo) = T, Ky (22, 5)

St i3
and use

Lemma (Dixit-Kesarwani-K.)

Let k € N. Then

to complete the proof.
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Further questions

» Are there any direct proofs of the transformations which we get
special case of our master identity?
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Further questions

» Are there any direct proofs of the transformations which we get
special case of our master identity?

» The two-variable generalization of the modified Bessel function,
namely, , K, (z,w), begs for a systematic study of its properties
similar to those for the modified Bessel function K, (z). In this
paper, we have restricted ourselves to obtaining only those
properties of , K, (z,w) relevant to deriving various
transformations.

Rahul Kumar Gonit Sora Seminar May 28, 2021



Further questions

» Are there any direct proofs of the transformations which we get
special case of our master identity?

» The two-variable generalization of the modified Bessel function,
namely, , K, (z,w), begs for a systematic study of its properties
similar to those for the modified Bessel function K, (z). In this
paper, we have restricted ourselves to obtaining only those
properties of , K, (z,w) relevant to deriving various
transformations.

» Right now we are considering applications of our explicit

transformation of > ° | 54(n)e™" in the theory of Riemann zeta

function??.

23F. Cicek, A. Dixit and R. Kumar, A Lambert series associated with the
generalized divisor function and its applications in the zeta-function theory, in
preparation.
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Further questions

» Are there any applications of results such as
(oo} .

1 1 (v —log(y)) log 2mn 1 2mwin
i e () 5 (0 ()

+w<—27:“>>},

from the point of view of transcendental number theory? Note
that Erdés 24 has shown that the series Y -, d(n)g™" is
irrational for any integer ¢ with |¢| > 2. Thus, for example,
letting y equal to log(2) in the above formula would yield an
irrational number Y > m on the left-hand side of the
above equation.

24P, Erdés, On arithmetical properties of Lambert series, J. Indian
Math. Soc. (N.S.) 12 (1948), 63-66.

Rahul Kumar Gonit Sora Seminar May 28, 2021



Further questions

» Are there any applications of results such as
(oo} .

1 1 (v —log(y)) log 2mn 1 2mwin
i e () 5 (0 ()

+w<—27:“>>},

from the point of view of transcendental number theory? Note
that Erdés 24 has shown that the series Y -, d(n)g™" is
irrational for any integer ¢ with |¢| > 2. Thus, for example,
letting y equal to log(2) in the above formula would yield an
irrational number Y > m on the left-hand side of the
above equation.

» For Re(y) > 0, we have

e 2

n- -y Y 2min 2min
St e 42;712( ( y )“"( y

n=1

24P, Erdés, On arithmetical properties of Lambert series, J. Indian
Math. Soc. (N.S.) 12 (1948), 63—66.
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Thank Youl!
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