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Congruent number

m A natural number n € N is called a congruent number if it occurs as the area of a
rational right triangle, i.e., there exist rational numbers a, b and ¢ such that

a+b* =2 ab=2n. (1)
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Congruent number

m A natural number n € N is called a congruent number if it occurs as the area of a
rational right triangle, i.e., there exist rational numbers a, b and ¢ such that

a+b* =2 ab=2n. (1)

¢ a,b,ceQ

n=Area = %Xaxb
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Congruent number

m A natural number n € N is called a congruent number if it occurs as the area of a
rational right triangle, i.e., there exist rational numbers a, b and ¢ such that

a+b =7 ab=2n. @)

¢ a,b,ceQ

n=Area = %Xaxb

m For example, 6 is a congruent number given by the Pythagorean triple (3,4, 5).
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Congruent number

m A natural number n € N is called a congruent number if it occurs as the area of a
rational right triangle, i.e., there exist rational numbers a, b and ¢ such that

a+b* =2 ab=2n. (1)

¢ a,b,ceQ

n=Area = %Xuxb

m For example, 6 is a congruent number given by the Pythagorean triple (3,4, 5).

m The classical problem of determining whether a given natural number is
congruent or not is known as the congruent number problem.
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The Congruent Number Problem

m It seems that the congruent number problem was first discussed systematically
by Arab scholars of tenth century.
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The Congruent Number Problem

m It seems that the congruent number problem was first discussed systematically
by Arab scholars of tenth century.

m Euler was the first mathematician to show that n = 7 is a congruent number.
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The Congruent Number Problem

m It seems that the congruent number problem was first discussed systematically
by Arab scholars of tenth century.

m Euler was the first mathematician to show that n = 7 is a congruent number.
Fermat showed that n = 1 is not; this result is essentially equivalent to Fermat’s
Last Theorem for the exponent 4.
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The Congruent Number Problem

m It seems that the congruent number problem was first discussed systematically
by Arab scholars of tenth century.

m Euler was the first mathematician to show that n = 7 is a congruent number.
Fermat showed that n = 1 is not; this result is essentially equivalent to Fermat’s
Last Theorem for the exponent 4.

m Nowadays, the Congruent Number Problem can be thought of as the oldest
manifestation of a famous conjecture known as the Birch and Swinnerton-Dyer
(BSD) Conjecture.
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Elliptic Curve

m Elliptic curve appeared first in the book “Arithmetica” by the Greek
mathematician Diophantus in the third century A.D..
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Elliptic Curve

m Elliptic curve appeared first in the book “Arithmetica” by the Greek
mathematician Diophantus in the third century A.D..

m An elliptic curve over a field K is a ‘non-singular curve’ defined by an equation

of the form

y2=x3+ax+b, a, beKk.
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Elliptic Curve

m Elliptic curve appeared first in the book “Arithmetica” by the Greek
mathematician Diophantus in the third century A.D..

m An elliptic curve over a field K is a ‘non-singular curve’ defined by an equation
of the form

y2=x3+ax+b, a, beKk.

m In our case, we take K as number field.
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The Point at Infinity on an Elliptic Curve

m A non-vertical line will have three real points of intersection or one real and two
complex points of intersection, which is also clear form the substitution
y=mx+ciny? = x> +ax +b.
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complex points of intersection, which is also clear form the substitution
y=mx+ciny? = x> +ax +b.

m However, the vertical lines x = xy will have either two real or two complex points
of intersection.
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The Point at Infinity on an Elliptic Curve

m A non-vertical line will have three real points of intersection or one real and two
complex points of intersection, which is also clear form the substitution
y=mx+ciny? = x> +ax +b.

m However, the vertical lines x = xy will have either two real or two complex points
of intersection. For a consistent theory, we need a third point of intersection. We
adjoin an additional ‘point at infinity’ to the curve.
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The Point at Infinity on an Elliptic Curve

m A non-vertical line will have three real points of intersection or one real and two
complex points of intersection, which is also clear form the substitution
y=mx+ciny? = x> +ax +b.

m However, the vertical lines x = xy will have either two real or two complex points
of intersection. For a consistent theory, we need a third point of intersection. We
adjoin an additional ‘point at infinity’ to the curve.

m This point can be visualized as lying on the top (and the bottom) of the xy-plane
at infinity.
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The Point at Infinity on an Elliptic Curve

m A non-vertical line will have three real points of intersection or one real and two
complex points of intersection, which is also clear form the substitution
y=mx+ciny? = x> +ax +b.

m However, the vertical lines x = xy will have either two real or two complex points
of intersection. For a consistent theory, we need a third point of intersection. We
adjoin an additional ‘point at infinity’ to the curve.

m This point can be visualized as lying on the top (and the bottom) of the xy-plane
at infinity.

m Any two vertical lines intersect at the point at infinity, which we denote by O.
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Addition on Elliptic Curve: A Diagram

v = +ax+b
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Addition on Elliptic Curve: A Diagram

2_.3
P+0=(x3.y3) y=x'taxth
=(mx+c)?=x>+ax+b
0=0y2) =X +x+x3=m?
(x1.y1)=

v = +ax+b
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Addition on Elliptic Curve: A Diagram

0=(x2,y2)
(x1.y1)=

v = +ax+b

(DEPARTMENT OF MATHEMATICS INDIAN INSTITU

PxQ=(x3,y3)
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v =3 +ax+b
=(mx+c)?=x>+ax+b
=X +x+x3=m?

Sx3=m?—x|—x.




Addition on Elliptic Curve: A Diagram

o: the point at infinity

2_,3

p=x>+ax+b

P+0=(x3.y3) )

=(mx+c)?=x>+ax+b
=X +x+x3=m?

(x1.y1)=

Sx3=m?—x|—x.

v = +ax+b
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Addition on Elliptic Curve: A Diagram

(x1.y1)=

amik Das (DEPARTMENT OF MATHEMATICS INDIAN INsTITUTE On Cc

=

=X +ax+b

o: the point at infinity

2_,3
P+0=(x3.y3) y=xitaxth
=(mx+c)?=x>+ax+b

=X +x+x3=m?

—m?
@’_”) SX3=M" =X —X2.
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Addition on Elliptic Curve: A Diagram

o: the point at infinity

2_,3
PxQ=(x3,3) y=x+ax+h
=(mx+c)?=x>+ax+b

=x)+xp+x3=m>

@’_”) =x3=m’—x{—x,.
v = +ax+b

® Any two points P and Q on E can be added to obtain a third

(x1.y1)=

point P® Q on E.
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Addition on Elliptic Curve: A Diagram

o: the point at infinity

2_,3
PxQ=(x3,3) y=x+ax+h
=(mx+c)?=x>+ax+b

=X +x+x3=m?

@’_”) =x3=m’—x{—x,.
v = +ax+b

® Any two points P and Q on E can be added to obtain a third

(x1.y1)=

point P® Q on E.

m For this addition of points, we have

m an identity, which is O,
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Addition on Elliptic Curve: A Diagram

o: the point at infinity

2_,3
PxQ=(x3,3) y=x+ax+h
=(mx+c)?=x>+ax+b

=X +x+x3=m?

@’_”) =x3=m’—x{—x,.
v = +ax+b

® Any two points P and Q on E can be added to obtain a third
point P® Q on E.

(x1.y1)=

m For this addition of points, we have
m an identity, which is O,

m an inverse for each point,
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Addition on Elliptic Curve: A Diagram

o: the point at infinity

2_,3
PxQ=(x3,3) y=x+ax+h
=(mx+c)?=x>+ax+b

=X +x+x3=m?

@’_”) =x3=m’—x{—x,.
v = +ax+b

® Any two points P and Q on E can be added to obtain a third
point P® Q on E.

(x1.y1)=

m For this addition of points, we have
m an identity, which is O,
m an inverse for each point,

m associativity and
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Addition on Elliptic Curve: A Diagram

o: the point at infinity

2_,3
PxQ=(x3,3) y=x+ax+h
=(mx+c)?=x>+ax+b

=X +x+x3=m?

@’_”) =x3=m’—x{—x,.
v = +ax+b

Any two points P and Q on E can be added to obtain a third

(x1.y1)=

point P® Q on E.

For this addition of points, we have
an identity, which is O,
an inverse for each point,

associativity and

commutativity.
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is the Identity

2=x3 +ax+b
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is the Identity

P=(x1,y1)

2=x3 +ax+b
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is the Identity

o: the point at infinity

P=(x1,y1)

S +ax+b
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is the Identity

o: the point at infinity

P=(x1,y1)

«O=(x1,—y1)
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is the Identity

o: the point at infinity

P=(x1,y1)

«O=(x1,—y1)
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is the Identity

o: the point at infinity

P=(x1,y1)

wﬁ)ﬂ )
v = +ax+b

m The point O serves as the identity for addition on elliptic curve.
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The Inverse of a Point

v =2 +ax+b
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The Inverse of a Point

P=(x1,y1)

v =2 +ax+b

mik Das (DEPARTMENT OF MATHEMATICS INDIAN INSTITI



The Inverse of a Point

o: the point at infinity

P=(x1,y1)

v =2 +ax+b
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The Inverse of a Point

0: the point at infinity

P=(x1,y1)

Q’ixl’_y 1)
v =2 +ax+b
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The Inverse of a Point

0: the point at infinity

P=(x1,y1)

Q’ixl’_y 1)
v =2 +ax+b

m The additive inverse of the point P = (x;,y;) is given by ©P = (x1, —y;).
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The Mordell-Weil Theorem

E is elliptic curve defined over a number field K, then the group E(K) of K-rational
point of E, is a finitely generated abelian group.
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The Mordell-Weil Theorem

E is elliptic curve defined over a number field K, then the group E(K) of K-rational
point of E, is a finitely generated abelian group.

Structure theorem says that
E(K) = Z" X E(K)rors,

where r is known as rank of E over K and E(K),, is torsion part of E(K).
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Congruent Number Elliptic Curve

E,: y2 = x(x2 - nz), (2)
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Congruent Number Elliptic Curve

E,: y2 = x(x2 - nz), 2)
Here, E,, is called the congruent number elliptic curve.

Now here,
En(Q)iors = Ex(Q)[2] = {0, (0,0), (£n,0)} = Z/2Z X Z/2Z.
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Congruent number elliptic curve

Consider the two sets
S:{(a,b,c)€Q3:0<a<b<c, ab = 2n, a2+b2:cz},
and
T = {(x,y) € 2E,(Q\ 0} : y > 0}.
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Congruent number elliptic curv

Consider the two sets

S:{(a,b,c)€Q3:0<a<b<c, ab = 2n, a2+b2:cz},
and

T ={(x,y) € 26,@)\ {0} : y > 0}.
Define

) A2 cb?-d?)
¢:S—>T, (a,b,c)H(Z,T),
y:T—>S @) (Vx+n—Vx—n, Vx+n+ Vx—n, 2.
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Congruent number elliptic curv

Consider the two sets
S:{(a,b,c)€Q3:0<a<b<c, ab = 2n, a2+b2:cz},
and
T = {(x.y) € 2E,(Q) \ {0} : y 2 0}.
Define O,
c b —a
¢:S—>T, (a,b,c);—»(Z,T),
y:T—>S (x,y)H(\/m— Vi—n, Vx+n+ x —n, 2x).

Proposition 1

Let E be an elliptic curve over a field k (of characteristic # 2,3) given by
E: y2 =@ —a)x—ay)(x—a3)withay,ay,a3 € k.

Let (xo,y0) be a k-rational point of E \ {O}. Then there exists a k-rational point (x,y1) of E with
2(x1,y1) = (x0,y0) if and only if xo — a1, X9 — az and xo — az are squares in k.
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Congruent number elliptic curve

Consider the two sets
S:{(a,b,c)€Q3:0<a<b<c, ab = 2n, a2+b2:cz},
and
T = {(x.y) € 2E,(Q) \ {0} : y 2 0}.
Define O,
c b —a
¢:S—>T, (a’b’C)H(Z’T)’
y:T—>S (x,y)H(\/m— Vi—n, Vx+n+ x —n, 2x).

Proposition 1

Let E be an elliptic curve over a field k (of characteristic # 2,3) given by
E: y2 =@ —a)x—ay)(x—a3)withay,ay,a3 € k.

Let (xo,y0) be a k-rational point of E \ {O}. Then there exists a k-rational point (x,y1) of E with
2(x1,y1) = (x0,y0) if and only if xo — a1, X9 — az and xo — az are squares in k.

Using Proposition 1 it is easy to observe that the maps ¢ and ¢ are well defined and inverses to each other.

A positive integer n is a congruent number if and only if E,(Q) has a point of infinite order.

Shamik Das (DEPARTMENT OF MATHEMATICS INDIAN INsTITUTE On Congruent Numbers and Their Generalizations over Nur




-Congruent Number

A positive integer 7 is called a congruent number over a number field K (or in short, a K-congruent
number) if there exist a, b, ¢ € K such that (1) holds.
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-Congruent Number

A positive integer 7 is called a congruent number over a number field K (or in short, a K-congruent
number) if there exist a, b, ¢ € K such that (1) holds.

Definition 2

Let 0 < 6 < 7 be an angle with rational cosine cos(f) = § with 0 < |s] < r and gcd(r, s) = 1. Let (u, v, w)g
denote a triangle with an angle 6 between the sides « and v. A positive integer n is called a #-congruent
number if there exists a triangle (u, v, w)s with sides in Q having area nay, where ag = Vr? — s2. In other
words, 7 is a f-congruent number if it satisfies

s
2m=uv, wr=u®+v>—2uv--. 3)
r
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-Congruent Number

A positive integer 7 is called a congruent number over a number field K (or in short, a K-congruent
number) if there exist a, b, ¢ € K such that (1) holds.

Definition 2

Let 0 < 6 < 7 be an angle with rational cosine cos(f) = § with 0 < |s] < r and gcd(r, s) = 1. Let (u, v, w)g
denote a triangle with an angle 6 between the sides « and v. A positive integer n is called a #-congruent
number if there exists a triangle (u, v, w)s with sides in Q having area nay, where ag = Vr? — s2. In other
words, 7 is a f-congruent number if it satisfies

2rn = uv, w2:u2+v2—2uv-;. 3)
6-congruent number elliptic curve given by
Eng 1y =x(x+ (r + 9)n)(x — (r — 5)n), “)
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-Congruent Number

A positive integer 7 is called a congruent number over a number field K (or in short, a K-congruent
number) if there exist a, b, ¢ € K such that (1) holds.

Definition 2

Let 0 < 6 < 7 be an angle with rational cosine cos(f) = § with 0 < |s] < r and gcd(r, s) = 1. Let (u, v, w)g
denote a triangle with an angle 6 between the sides « and v. A positive integer n is called a #-congruent
number if there exists a triangle (u, v, w)s with sides in Q having area nay, where ag = Vr? — s2. In other
words, 7 is a f-congruent number if it satisfies

2rn = uv, w2:u2+v2—2uv~§. 3)
6-congruent number elliptic curve given by
Eng 1y =x(x+ (r + 9)n)(x — (r — 5)n), (@)

Let 0 € (0, ) be an angle such that cos 6 is rational.

1. A positive integer n is 6-congruent if and only if E, g has a point of order greater than 2;

2. Ifn#1,2,3,6, then n is 0-congruent if and only if E, g has positive rank.
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m Tunnel ([28]), Monsky ([18]) and Tian ([27]) are some of the eminent
mathematicians who have made significant contribution toward identifying
congruent numbers.
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m Tunnel ([28]), Monsky ([18]) and Tian ([27]) are some of the eminent
mathematicians who have made significant contribution toward identifying
congruent numbers.

m For the known results on the construction of non-congruent numbers with
arbitrarily many prime factors of the form 8k + 3, one can refer to [10] and [22]
for instance.
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m Tunnel ([28]), Monsky ([18]) and Tian ([27]) are some of the eminent
mathematicians who have made significant contribution toward identifying
congruent numbers.

m For the known results on the construction of non-congruent numbers with
arbitrarily many prime factors of the form 8k + 3, one can refer to [10] and [22]
for instance.

m Study of congruent number problem over algebraic extensions dates back at least
to Tada ([26]) who considered real quadratic fields.

Shamik Das (DEPARTMENT OF MATHEMATICS INDIAN INsTITUTE On C ent Numbers and Their Generalizations over Nur Nov 06, 2020 15/34



m Tunnel ([28]), Monsky ([18]) and Tian ([27]) are some of the eminent
mathematicians who have made significant contribution toward identifying
congruent numbers.

m For the known results on the construction of non-congruent numbers with
arbitrarily many prime factors of the form 8k + 3, one can refer to [10] and [22]
for instance.

m Study of congruent number problem over algebraic extensions dates back at least
to Tada ([26]) who considered real quadratic fields.Some results were given by
Jedrzejak in [13] for congruent number over certain other real number fields.
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Complete -descent

Let E/K is an elliptic curve given by a Weierstrass equation
Y =(-e)x—e)x-e)  withey, e ez €K,

where K is a number field.
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Complete -descent

Let E/K is an elliptic curve given by a Weierstrass equation
Y =(-e)x—e)x-e)  withey, e ez €K,

where K is a number field.

Let S be a finite set of places of K includes all archimedean places, all places dividing
2, and all places at which E has bad reduction.
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Complete -descent

Let E/K is an elliptic curve given by a Weierstrass equation
Y =(-e)x—e)x-e)  withey, e ez €K,

where K is a number field.

Let S be a finite set of places of K includes all archimedean places, all places dividing
2, and all places at which E has bad reduction.

Further let,
K(S,2):={ce K"/(K")2 | ord,(c) =0 (mod2) VYveMg\S}

where ord,(c) is the v-adic valuation of c.
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Complete -descent

Proposition 2 (Complete 2-Descent)

There exists an injective homomorphism

b : E(K)/2E(K) — K(S,2) X K(S,2) (5)
defined by
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Complete -descent

Proposition 2 (Complete 2-Descent)

There exists an injective homomorphism

b: E(K)/2E(K) — K(S,2) X K(S,2) (5)

defined by

(1,1, ifP=0
(8=2.e1-e2), ifP=(e1,0)
(e2=e1,222), ifP=(e2,0)

(x—ep,x—e), ifP#0,(e1,0),(e2,0).

P=(xy+—
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Complete -descent

Proposition 2 (Complete 2-Descent)

There exists an injective homomorphism
b: E(K)/2E(K) — K(S,2) X K(S,2) (5)
defined by
(1,1, ifP=0
(8=2.e1-e2), ifP=(e1,0)
(e2=e1,222), ifP=(e2,0)
(x—en,x=—e), ifP+#0,(e1,0),(e2,0).

Let (b1, by) € K(S,2) X K(S,2) be a pair that is not the image of one of three points O, (e}, 0), (¢2,0). Then
(b1, by) is the image of a point

P=(xy+—

P = (x,y) € E(K)/2E(K)

if and only if the equations
b1z} —bts = ex — ey, (6)

bizy — bi1boz} = e3—ey. )

have a solution (z1,22,23) € K* X K* X K.
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Complete -descent

Proposition 2 (Complete 2-Descent)

There exists an injective homomorphism
b: E(K)/2E(K) — K(S,2) X K(S,2) (5)
defined by
(1,1, ifP=0
(8=2.e1-e2), ifP=(e1,0)
(e2=e1,222), ifP=(e2,0)
(x—en,x=—e), ifP+#0,(e1,0),(e2,0).

Let (b1, by) € K(S,2) X K(S,2) be a pair that is not the image of one of three points O, (e}, 0), (¢2,0). Then
(b1, by) is the image of a point

P=(xy+—

P = (x,y) € E(K)/2E(K)
if and only if the equations
b1Z3 — byz3 = ex — ey, (6)
bizy — bi1boz} = e3—ey. )

have a solution (z1,22,z3) € K* X K* X K.If such a solution exists,

P =(x,y) = (b2} + e1,b162212223).
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Families of non-congruent numbers |
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Our results concerning continued fraction

Theorem 4

Let t be a positive integer. Suppose p1, p2, ..., p; and qi, qa, . .., q; are distinct primes such that all pairs
(pj» qj) are equivalent either to (1,3) or to (5,7) modulo 8. Suppose

(@):—1 ey (%):l Vi#j, and
qi j

Y
(&)_ 1 ifi#j
g) \-1 fi=j.

where () denotes the Legendre symbol. Then

()

n = P191)(P292) - - (Prqr)

is a non-congruent number.
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Our results concerning continued fraction

Let t be a positive integer. Suppose p1, p2, ..., p; and qi, qa, . .., q; are distinct primes such that all pairs
(pj» qj) are equivalent either to (1,3) or to (5,7) modulo 8. Suppose

(@):—1 ey (%):1 Vi#j, and
qi )i

@8
(&) 1 ifi#j )
a) \=1 ifi=]
where () denotes the Legendre symbol. Then
n = (p1g1)(p292) - - (P1q1)

is a non-congruent number.

Example. Consider n = (17.3)(409.19)(3697.859) where each pair of prime factors is equivalent to (1, 3)

modulo 8, and satisfy the hypotheses (8). Using MAGMA ([1]), we verify that the rank of the elliptic curve

y2 =3 —n’xis 0, hence n is non-congruent.
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Our results concerning continued fraction

For n, defined in Theorem 4, a system of representatives of classes in Q(S, 2) is given by

R={£2p]" ..pjd)" ¢ | e.e,....€p1.....u € {0, 1}}.
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Our results concerning continued fraction

For n, defined in Theorem 4, a system of representatives of classes in Q(S, 2) is given by

R={£2p]" ..pjd)" ¢ | e.e,....€p1.....u € {0, 1}}.
Let r be the rank of the Mordell-weil group E,(Q) of rational points on the elliptic curve E,. Then E,(Q) is
isomorphic to Zy ® Zy ® 7', and consequently,

EA(Q)/2E,(Q) = (Z/2Z) 2.
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Our results concerning continued fraction

Remark 5
For n, defined in Theorem 4, a system of representatives of classes in Q(S, 2) is given by

R={£2p]" ..pjd)" ¢ | e.e,....€p1.....u € {0, 1}}.

Let r be the rank of the Mordell-weil group E,(Q) of rational points on the elliptic curve E,. Then E,(Q) is
isomorphic to Zy ® Zy ® 7', and consequently,

EA(Q)/2E,(Q) = (Z/2Z) 2.

For n to be a non-congruent number, we require that r = 0. In other words, we need to show that the system
of equations given by

b1zt — byt =n, ©)
b1z} = b1byz3 = —n. (10)

does not have a solution for any pair
(b1,02) € RXR\A{(1, 1), (=1,-n), (n,2), (—n,=-2n)}, 1)

where (z1,722,23) € Q* X Q* X Q™.
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Proposition 3 (Unsolvability Condition)

Let
n=2rry---ry

be a square-free positive integer where € € {0, 1}, k is a natural number and ry, ra, ..., ry are odd primes.
Let (b1,by) € R X R, where

R:{(—l)‘qﬂrlﬂ '“r;kl a, B, €, ..., ¢ =0orl}.

The system of equations given by (9) and (10) has no solution (21,72, 23) € Q* X Q* X Q" in the following
cases:

(a) b1b2 <0or
(b) 2t nand?2]|b;.
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Proposition 3 (Unsolvability Condition)

Let
n=2rry---ry

be a square-free positive integer where € € {0, 1}, k is a natural number and ry, ra, ..., ry are odd primes.
Let (b1,by) € R X R, where

R= {(—1)"2ﬁr1€‘ ---r]ik | @ B, €, ..., =0o0rl}.

The system of equations given by (9) and (10) has no solution (21,72, 23) € Q* X Q* X Q" in the following
cases:

(a) b]bz <0or
(b) 2t nand?2]|b;.

Let (b1, b) € D represent an element in the image of the map b given by (5). Then, there is a pair (b}, D) in
D representing an element in Im(b) such that b} is positive and odd.
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Let (b1, b2) be an element of R X R such that by is odd and positive. If (b1, by) € Im(b), then q; does not
divide b1b; forj=1, 2, --- 1.
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Let (b1, b2) be an element of R X R such that by is odd and positive. If (b1, by) € Im(b), then q; does not
divide b1b; forj=1, 2, --- 1.

Let (b, by) be an element of R X R such that by is odd and positive. If (b1, by) € Im(b), then p; does not
divide b1by forj=1, 2, --- , t.
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Let (b1, b2) be an element of R X R such that by is odd and positive. If (b1, by) € Im(b), then q; does not
divide b1b; forj=1, 2, --- 1.

Let (b, by) be an element of R X R such that by is odd and positive. If (b1, by) € Im(b), then p; does not
divide b1by forj=1, 2, --- , t.

Theorem 9

Let H, denote the collection of positive integers with prime factorization (p1q1)(p2q2) - - - (P:q:), where all
the pairs (p;, q;) are equivalent to (1,3) modulo 8 and satisfy the conditions (8). For any natural number t,

the set H, is contains infinitely many elements. The analogous statement for pairs (p;, q;) = (5,7) (mod 8)
holds as well.
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Criterion of 6-congruent number over number field |
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-congruent n umber

Theorem 10

Consider the number field K» 4 = Q(\/m1, ..., \Jmg) of type (2, .. .,2). Assume that
1. n and Sqf(nm;) do not divide 6 for all i € {1,2,...,d};

2. 2r(r — s) is not a square in K5 4.

Then n is 6-congruent number over K; 4 if and only if E,, o(K> 4) has a point of infinite order.
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-congruent number

Theorem 10

Consider the number field K» 4 = Q(\/m1, ..., \Jmg) of type (2, .. .,2). Assume that
1. n and Sqf(nm;) do not divide 6 for all i € {1,2,...,d};

2. 2r(r — s) is not a square in K5 4.

Then n is 6-congruent number over K; 4 if and only if E,, o(K> 4) has a point of infinite order.

Proposition 4

The 9-congruent number elliptic curve E, g does not have complex multiplication for 6 # 5.
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-congruent number

Theorem 10

Consider the number field K> 4 = Q(\/myi, ..., \Jmg) of type (2, ...,2). Assume that
1. n and Sqf(nm;) do not divide 6 for all i € {1,2,...,d};

2. 2r(r — s) is not a square in K5 4.

Then n is 6-congruent number over K; 4 if and only if E,, o(K> 4) has a point of infinite order.

Proposition 4

The 9-congruent number elliptic curve E, g does not have complex multiplication for 6 # 5.

Suppose n is a square free natural number other than 1, 2, 3 or 6. Let K be a real number field such that
[K : Q] is coprime to 6 and not divisible by 55. Then n is a -congruent number over K if and only if
E,o(K) has a point of infinite order.
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Proposition 5

Let B be a positive integer. Let E/Q be an elliptic curves and K/Q a number field of degree d, where the
smallest prime divisor of d is > B. Let E(K)[p*] denote the p-primary torsion subgroup of E(K)ys, that is,
the p-Sylow subgroup of E(K). Then

(i) If B > 11, then E(K)[p™] = E(Q)[p*] for all primes. In particular, E(K)ors = E(Q)/ors-
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Proposition 5

Let B be a positive integer. Let E/Q be an elliptic curves and K/Q a number field of degree d, where the
smallest prime divisor of d is > B. Let E(K)[p*] denote the p-primary torsion subgroup of E(K)ys, that is,
the p-Sylow subgroup of E(K). Then

(1) IfB > 11, then E(K)[p™] = E(Q)[p®] for all primes. In particular, E(K)rs = E(Q)1ors-
(ii) If B =7, then E(K)[p*™] = E(Q)[p*] for all primes p + 7.
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Proposition 5

Let B be a positive integer. Let E/Q be an elliptic curves and K/Q a number field of degree d, where the
smallest prime divisor of d is > B. Let E(K)[p*] denote the p-primary torsion subgroup of E(K)ys, that is,
the p-Sylow subgroup of E(K). Then

(i) If B > 11, then E(K)[p™] = E(Q)[p*] for all primes. In particular, E(K)ors = E(Q)/ors-
(ii) If B =7, then E(K)[p*™] = E(Q)[p*] for all primes p + 7.
(iii) If B = 5, then E(K)[p™] = E(Q)[p™] for all primes p # 5, 7, 11.
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Proposition 5

Let B be a positive integer. Let E/Q be an elliptic curves and K/Q a number field of degree d, where the
smallest prime divisor of d is > B. Let E(K)[p*] denote the p-primary torsion subgroup of E(K)ys, that is,
the p-Sylow subgroup of E(K). Then

(1) IfB > 11, then E(K)[p™] = E(Q)[p®] for all primes. In particular, E(K)rs = E(Q)1ors-
(ii) If B =7, then E(K)[p*™] = E(Q)[p*] for all primes p + 7.
(iii) If B = 5, then E(K)[p™] = E(Q)[p™] for all primes p # 5, 7, 11.
(iv) IfB > 2, then E(K)[p™] = E(Q)[p] for all primes p #+ 2, 3, 5,7, 11, 13, 19, 43, 67, 163.
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Proposition 5

Let B be a positive integer. Let E/Q be an elliptic curves and K/Q a number field of degree d, where the
smallest prime divisor of d is > B. Let E(K)[p*] denote the p-primary torsion subgroup of E(K)ys, that is,
the p-Sylow subgroup of E(K). Then

(i) If B> 11, then E(K)[p™] = E(Q)[p*] for all primes. In particular, E(K)ors = E(Q)zors.
(ii) If B =7, then E(K)[p*™] = E(Q)[p*] for all primes p + 7.
(iii) If B = 5, then E(K)[p™] = E(Q)[p™] for all primes p # 5, 7, 11.
(iv) IfB > 2, then E(K)[p™] = E(Q)[p] for all primes p #+ 2, 3, 5,7, 11, 13, 19, 43, 67, 163.

Theorem 12

Suppose n is a square free natural number other than 1, 2, 3 or 6. Let K be a real cubic number field.
Suppose s is divisible by 5 or (r,s) = (£2,+1) or = (1, +2) mod 5. Then n is a 0-congruent number over K
if and only if E, ¢(K) has a point of infinite order.

| \

\
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To illustrate the theorem above, let us take cos § = % where r = 6and s = 5 = 0 (mod
5). The corresponding 6-congruent number curve with n = 7 is

Eqp: y2 = x> + 70x* - 539x.
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To illustrate the theorem above, let us take cos § = % where r = 6and s = 5 = 0 (mod
5). The corresponding 6-congruent number curve with n = 7 is

Eqp: y2 = x> +70x% = 539x.

We can verify by using MAGMA that the rank of E;4(Q) is 0, therefore 7 is not a
f-congruent number over Q.
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To illustrate the theorem above, let us take cos § = % where r = 6and s = 5 = 0 (mod
5). The corresponding 6-congruent number curve with n = 7 is

Eqp: y2 = x> +70x% = 539x.

We can verify by using MAGMA that the rank of E;4(Q) is 0, therefore 7 is not a
f-congruent number over Q.

Consider the polynomial x* + 70x*> — 539x — 1. We denote the largest real root by a,
then K = Q(w) is a real cubic field. The point (a, 1) € E74(K) is clearly not a 2-torsion
point, and hence 7 is #-congruent over K.
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B Das, S., Saikia, A.: Families of non-congruent numbers with arbitrarily many
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