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o The “classification” of objects in a family is a very natural
Prabi.em W any branch of science,

o In mathematics, the classification Prabi.em has been
considered for nmainy foamilies, such as topological spaces,
lnots, surfaces, graphs, groups etc.

@ To mention spec&f&&attv, the classification of the finite
sinmple groups (CFS&) is one of the most celebrated
achievements of the last century in the area of
mabhematics.



Gresinst Dibellactual orhievmend

Is classification of finite simple groups the

greatest intellectual achievement ?
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Visit the homepage of Prof. Hugo de Graris.
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o It is well documented that finite —groups play important
role in describing the structure C){’P finite groups.

@ These groups, up to order p?, were classified @.m'tv i the
history of group theory, and moderi work has extended

these classifications up to the order p’.

o For more details, please follow the

https: //wwwmath.auckland.acinz/~obrien/
M%mw orke, k% 44l
Or
visit the homepage of Prof. Eamonin O'Brien,


https://www.math.auckland.ac.nz/~obrien/
https://www.math.auckland.ac.nz/~obrien/

o The number of p-groups grows so quickly that further
classifications alonqg these lines seem a near-
&mPossibte taske. ' ‘

o To reduce the di‘,ﬂffi{’:u&v, the classification prabtem LA
p-qroups s, Mawadavs, done bv considering a speai&c
condition on them, such as isoclinism, coclass,
exponent, derived length, etc.

o One such condition, in which we are interested here, is
the sizes of conjugacy classes in a group.
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gacy class
AlLL groups, we are going to d&sauss here, are finite.

FOT A group G and element x € G

“ The aov\\juga&:j class of x in G L3 d@.ﬁfmed as
=" e v Xy LTy,
o The cenbralizer of x i & is defined as i
Colx) = 1y | xy = yxj.

Ik is easy to see Ehak



Con jugate type / ranie |

2 A group G is said to be of conjugate bype
(I =my, my,....m,), where 1 =m, <m; < ... <m,
if mfs are precisely the different sizes of
conjugacy classes of G. Here, we also say
that the group G is of conjuqate ranke r,

o f’ HAQ& QA gT‘OMP



Example - S, is conjr 9al:¢!: (1, 2, 3)

Consider the symmekric group S3 = {e (12), (13,
(23),(123),(132)}. There are 3 &0%’\\}%9&&3
classes, v\amei.v, lel,

(123 ={123),132)=(13 2)53 aw:&
(12)y={{12);11 T2 == (23).
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Thus S5 is of conjugate type (1, 2






o Roughly speaking, two groups are isoclinic, U their commutator
maps are essentially the same,

® Lebk X be a finite group and X = X/Z(X). Then the commutator mop
Cy: Xx X X, given by Cy(xZ(X), yZ(X)) = [x, y] is well defined.

Two Finite groups G and H
are said to be isoclinic
there exisks an Esomorgh&sm
d: G — H and an
E;somorpki;sm 0:G — H such
that the following diagram
ts commutbative;




oLet A be an abelian group and G

be an o\rb&ro\rv group. Then bobth Ethe

groups G and G XA are isoclinic,
dA group G s tsoclinie to the

trivial group 1 4 and ohly 4 & is




£ xoam Pte

Consider the two exEramsPétiod. * p-groups,
22, iRt
= (a, bhetdl s '=cl'=1=|a bk@ia cl c lbc=ab = ba)f

2 (£, XE ) R 2§
and



Stem groups '

o Isoclinism is an equwatem‘::e relakion, anc& e&ch equwatev\ce
class is called an itsoclinic »famc,l.v ‘

® Let G be a finite p-group. Then there exists a p*graup H U
the isoclinic ﬂfamd.v of G such that Z(H) < H',

® Such a group H is called a stem group i ks isoclinic
ﬂfamd.v

o Stem groups are not unique in a isoclinic family,



Example = continue

Thus, G/Z(G) = (b,T) = Z,X 7, = (%.y) = HIZ(H). ¥4

Now, it is easy to check that the maps ¢ and 0
defined as * 2 Ao

and

exktend ko an Isoclinism.



are itsoclinie,



Relotion between isoclinism and conjugate type

Two isoclinic groups







o In o series of paper, Ito studied finite groups

» of conjugate rank 1 (i.e., 2 distinct conjugacy class sizes)

On finite groups with given conjugate type I, Nayoga Math. Journal, 1953

» of conjugate rank 2 (i.e., 3 distinct conjugacy class sizes)

On finite groups with given conjugate type I, Osaka J. Math, 1970

» of conjugate rank 3 (i.e., 4 distinct conjugacy class sizes)

On finite groups with given conjugate type lll, Mathematische Zeitschrift,
1970.




Iko’s findings

o ALl finite groups of conjugate rank 1 (Le., exactly two
conjugacy class sizes) are necessarily nilpotent.

o ALl finite groups of conjugate rank 2 (iLe, exactly three
conjugacy class sizes) are necessarily solvable.

@ If G is o finite simple group of conjugate rank 3 (Le.,
exa«r:ﬂv four tomjugaﬁv class sizes), then G is Esamarpk&c to
SE(2. 72> 2.
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Theorem (N, I%o, 1953) o _
Let G be a finite group with Qxat&tv %wo con Jugacv

class sizes, v\ametv 1 and m > 1. Then m = p~, for some
prime p and integer k > 1,

Moreover G =P X A, where A is an abelian p'—subgroup
of G and P is a non-abelion slow p—subgroup of G.

Thus, the investigation boils down to the sEu,civ of
finite p—groups of conjugate type (1, p"),n > 1.



~ Some more resulkts

oLet G be a p-group Oﬂf i‘:;“m\jugt'l&@- &jﬁ?@-

(1, p™). Then the number of elements
i any generating set is at least n.

oMoreover, the humber of elements of
order p it the center Z(G) ts ab Least

n

S o



o o a5} P g
H T <Cl1, Clz, ba Zla Zz ‘ [ala Clz] e ba [aia b] 5 Zia ai o 19 i 19 2> ’
The group H is of order p° and exyamem& p.

The commutator subgroup H = (b, z;, 2,) is of order p°.

The centre Z(H) = (z;, 2,) is of order p” and lies inside
cormmutator subgroup. Hence H is a group.

For each x € H\Z(H), the cenkraliser Cy(x) = (x, Z(H)) is of
order p°.

Thus, the con Juga«r:v class sizes of all non-cenkral
element is p°, and consequently H is of conjugate bype

(1, b}




Eum'h. un'otcm:’chu!audeov\jugah t’p(l p). p>3 r21

4,-- (atl 2\ L 2FE \VI)’ PR 4 #

G.=(a,,a,...0.41 | &’ =la, gl =1= [[al, ]] ak] 1 <P k=te1)

® The group G, is a special wgroup generated bv elements and of

order pr(r+1)/2pr+1 p(r+1)(r+ )2

2 The commutator su.bgrou,p G, = the center Z(G,) is generated bfj
[a;, ), 1 £i<j<r+1, and thus elementary abetmm Eooroup of order

p’”(’”“)/2 Thus G, is a group.

@ For each x € G \Z(G,), the centraliser CG,,(X) = (x, Z(G)) is of order
pr(r+1)/2 D.

@ Thus the aov\jugaav class sizes of all non-central element is p’, and
consequently G, is of conjugate type (1, p").



Camina | Yrowg

o B@.ﬂfimi&om A group G is said to be Cammag ‘Exf Ix, 6] = G ﬁfcw all
x € G\G'. l »

@ 1£ G is a non-abelian Camina group, then Z(G) <G.in
particular, G is a stem group,

@ 14 G is a Camina group of nilpotney class 2, then Z(G) = G'.

® I G is a Camina group of nilpotency class 2, then G is of
cown jugate type (1, | Z(G) | ).

@ It follows that f G is a Camina group of ndpoﬁemc‘:v class 2,
then G is necessarily a p-group.



Example: Camu-\a *» ’ - LS ‘ Of uu class 2

Let F. stands for a finite field of p” elements, Consider the group
Us(p™) = 0 1 os| top,0,03€ ..
) 9]

@ Us(p™) s a Camina p-group cwf Mdpo&emav class 2
generated bv 2 elemenks.

1 0 o
3 Z(Ug(pm)) sk U3(pm)’ = { [() | O] L E [Fpm} LS Qaf order pmf.
0O 0 1

® Us(p™) is of conjugate type (1, p™).



Ekcboomm , ofuu. chul

3 Let G be a Camina p-group of M&ipo&av\a‘:v class 2
with | Z(G) | =p™" . n> 1, and A < Z(G) be a cenkral
subgroup of ord.er g T kem G/A is a Camina e
group with | Z(G/A) | =

@ G/A is skem group cwf con jugate %vpe (1, p") and
generated bv 2(m +n) elememnts,

® Recall that G, is o stem group of conjugate bype
(1, p™) and generated by m + 1 elements.



e problem

Does Fhere exiskts a skewma Qro MF’

G Oﬂf CO Mj W<y ate &j (19 P n) , 2 3 )
and minimally generated by

k , 1 s 1 < k < 2 I i. eywe ME S,?



1953 - 1999 : Not much progress

I. M. 1saacs, Groups wikh many aqu,at classes, Dulee
Mathematical Jourinal, 37(3), s01-506, 1970

Let G be a finikte group, which contains a proper normal sub-
group N such that all of the conjugacy classes of G which Lie
oubside N have the same sizes. Then either G/N is cyclic or

every non-identity element of G/N has prime order.

o 1f G is of cown jugate Evpe (1, p"), then exp(G/Z(G)) =p.

® If G is of conjugate type (1, 2"), then nilpotency class
of G is 2.



K. Ishikawa, On finite p-groups which have only two
Camjuga&v lengths, Israel I, Math, 129, 119-123, 2002

If G is a finite p-group of

con jugate type (1, pp >".,

Fhenn il FQ& e j class Oﬂf G LS
eitbhhe T




K. Ishilkawa, Finite p-groups up to
isoclinism, which have only two camjuga&v

LQ Mg % t{\ S 5 :1‘ A Lg & b TO 5 2. 2. @' 5 N - ‘s e 4@5 5 1 9 9 9

A finite p-group G is of &thugaﬁe '
bype if and only ¢ G is

Lsoclinie o a



K. Ishikawa, Finite p-groups up to E,sod.m&sm, which have
OMJ.'j two aamjagaav lengths, 3. Algebra, 220, 333-345, 1999

A finite p-group G is of conjugate type (1, p?) and
nilpotency class 2 U and ohly U G is isoclinic to
one of the following:

2 a Camina p-qroup with commutbator subgroup owf order pza.

o Gz — <Cl1, (r, U ‘ Cllp = [aja ak]p — [[aia aj]a ak]a 1 R k < 3) :



Finite p-groups of conjugate type (1, p?) and nilpotency class 3

K. Ishikawa, Finite p-groups up to &sodiv\i;sm, which have
(‘)V\L:j two camjugaaj lengths, 3. Algebra, 220, 333-345, 1999

A finite f*grmup G is of con jugate
type (1, p7) ana nilpotency class 3 i
and ohly 4 G is isoclinic H defined

as follow,

H= <a19 Clz, ba Zla Zz ‘ [ala a2] — ba [aia b] = Zia dlp e 19 l i 19 2) :
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Tushar Kanka Nailk,
and Manof Kumar Yaday,
Finite F.?"" gQrou PS Oﬂf CO MJ W<y N\

&v { 1, p s } ;
J. (= Theor v 5

21 (1), 201%, &5-%2,
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thewn il F?O& e :j class Oﬂf




Moreover G s tsoclinie &;} one Qf Fhe »fouowiv\g:

o A L.amma F*grou,p of class 2 and center 0{:
order p°

° Gy =(ay,a,,as,a, | a == [ il o 1= 1la, aj], al,1 <i,j,k<L4).
o G3/(x), where x = |a, a]la;, a4] € Z(G3) = Gs.

® G;/{(x,y), where y = [a,a;]la,, a,]' € Z(G;) =
where 7 is a non-square integer modulo p.



Continue. |

We also F?ro A %
analo qous resu ¥ nfc;) r the
F«'T‘ im F: 2- ‘




" Results Eill nows-

D Inf G LS (;)nf O MJ M,S && &v F’ (1 p) or
(1 p 3 ); Flaein il F?c;)& enge :j class Q“f G
LS 4.

3 I”f G is C)“f CO M\} W<y ate &v P (1 P 2)

then nilpotenc ‘3 class of G can

be both 2 and :




A nobural auestion

Does &b\ «

re exist a finite p-group

'@ _
il PQ& ency ¢ lass 3
and

p an odd prime?




Tushar Kanta Nall,
Rahul Dattatravya Kitture,
and Mano} Kumar Yaday,
Lte F’* Qrou F’«’S O'f il F-‘O& “4%\s ij
class 3 with two conjugacy
class stzes,
Israel J. Math,
236 (2), 2020, ¥99-930,




Finite p-groups of nilpotency class 3 and

® Lek p> 2 be a prime and n > 1 an inkeger. Then
there exist finite p-groups of nilpotency class 3
and conjugate type (1, p"), U and only U nis an
eve ihteger.

@ Moreover, for each even integer n = 2m, every
finite p-group of nilpotency class 3 and
con jugate type (1, p“™) is isoclinic ko the group
, where H_is defined as follows...



Continue.
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a
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d ab—c¢ a
f C

where a, b, ¢, d, e, £ € [Fpm,
field of p” elements.









A Lie algebra is a vector space over some field F
together with a binary operation safaa o | ocplled
the sa&sﬂfjing the following conditions:

® Bilinearity: [ax + by, z] = alx,z] + by, 2], and [z, ax + by]
= alz,x] + b[z,y], $or all scalars a, b € F, and all elements
X;y,7€L.

® Alternativity: [x, x] =0, for all x € L.

® Jacobi identity: [x, [y, 211 + [z, [x, Y11 + [, [z, x]1 = O, for all
X,V,Z €L,



Examples
o Ay vector space V can be made inko a Lie atgebr&

with the Erivial Lie bracket defined as [x, y] =0, for
all x, y € L.

@ Any associate algebra A can be made into a Lie
algebra with the Lie bracket defined as

[x, V]| =xy—yx, for all x,y € L.

oLet V be an F-vector space. Then End(V), the set of F
-Linear Eransformation of V, is a Lie algebra with
the Lie bracket defined as [f, gl =fog—gof, for all
f, g € End(V).



o

It is widely believed that results of finite groups that make
sense for Lie algebras are often valid.

More precisely, results of finite p-groups that make sense
for finite dimensional nilpotent Lie algebras are often true.

Recall that a p-group has nown=-trivial center. $£m£tarij, the
center of a nilpotent Lie algebra is non-trivial.

Classification of nilpotent Lie algebras is done up to the
dimension 7 over the field of real and complex numbers.

Much like p-groups, classification of nilpotent Lie algebras,
up to isomorphism, is a very difficult problem,



o There is no direct analogous of conjugacy classes in
Lie algebra.

oBub, the number of distinct conjugacy class sizes in a
finite group G is equal to the number of different
orders of cenbralizers of elements of elements in G,

o This allows us to thvestigate the analogous case in Lie
algebras.

oHere, we are interested in the finite-dimensional Lie
algebras L with exactly two different dimensions of

centralisers C;(x), as X runs over L.



Not necessarily nilpe
Y Barena, and I, M, Isaa&s, Lie o&gﬁbra with few

cenltraliser dimensions, J. Algebra, 269, 2¥4-299, 2003,

Suppose that L is is a non-nilpotent finite dimensional Lie
algebra over C with just two distinct centraliser dimensions.
Then dim(L/Z(L)) < 3, and one of following holds,

®L/Z(L) is isomorphic to the 2-dimensional non-nilpotent Lie
QLS@.brO\; Eﬂé«; {X,y ‘ [XaY] e x}‘il

9LIZ(L) is isomorphic to {a,x,y | [a,x] = x,[a,y] = — y,[x,y] = 0} .

OLIZ(L) is isomorphic to s,(C), the Lie algebra of 2x2 complex
makrices with brace zero and Lie bracket [X, Y] = XY - YX.



with w cenbraliser dimensio S,
jﬂ A 19 b TO 5 2_ 5 9} 2_ ?" 4, mz 9 ()} Z o]® 71'}

Suppose that L is a finite dimensional
nilpotent Lie algebra over an
arb&rar‘j fileld with just two 2&5&&&\&&
cenbraliser dimensions, Then

nilpotency class of L is eithe

r



Remaining | challenge (Open problem)

Classify finite dimensional nilpotent Lie
algebras of ced. (0, m), m > 1.

We say a Lie algebra L is of ced. (0, m)
(stands for centraliser co-dimensions),

Eff co-dimensions oﬂf C;(x) is m, nfor all
non-cenbral element x € L\Z(L).



It seems all the resulks which are true in
finmite p-groups ot con jugate &UF@@. ()
il hold brue for finite dimensional Lie
algebras of ced. (0, n) over finite field.

The problem remains over arbitrary field,
where the computational techniques used in
finite groups can not be applied directly






