
 

EtySpace The column space contains all linear
combinations of the columns of the matrix A

Denoted by CCA
C A is a subspace of RMfr appropriate my

lay m 3 n 2 unknowns

I X L
T

combinationof all columns
Thesystem Arab is solvable if the vector b
can be expressed as a combination of the coltofA
Then b is the column spree

Allattainable r h s b are all combinations ofthe
columnsofA

There are at least threeporribilities
u 1 V O b is the1st alk
4 0 1 b 2nd

4 0 v0 b 0

Geometrically An b can be solved if b lies in the
plane spannedby the art vectors

If b lies off this plane then An b has no sold

Chef C A is actually a subspace ofRM



Nullspine the sort of An 0 aho form a v s This
v S is called the nullspee

Deff Themillspa of a matrix A denoted byNCA
consists of all vectors ns.t An 0

Chef N A is a subspaceof R

9 I y Nearco
U O KO

Goal For any system An b
we want to findCA INCA

All attainablesins b t
AllsortsofAn 0

The vectors b are in the rel spree
The vectors re are in the mill yea

o

SolvingAnebIAno
There was one set ofAn b and that was

a A b
we found this via elimination not byfindingA 1

If we have a rectangular matrix then that
maynot have a full set of pivots

Now we would like to reduce such amatrix to
one that we can work with



For an invertible matrix the null epee contains

only a 0 A 1 An 0

The ad spice is the whole spice An b has
a sot forevery b

Question what happenswhen
will spicehas more thanthe zero vector
we spice has less than all vectors

Answeed Any MnENCA can be added to a

particular sortxp The cot to all lineal elk
havetheform a AntNp
Amp b Ann 0 AGp tan b

When e A don't contain every b in RM we need
the conditions on b that make An bsolvable

RecallEchelin x x x x

0 x x x x

0 0 x x

O O O x

o o o o

Echelonfirm Echelon matrix U has a staircare
pattern

É as reduced to that become

1 and everything above 1
is O
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q0 O O O O 1 X
O OOO O O O

WhenA is invertible R In
Rueo has the same end as Un 0 which has the

same ed as An 0

we want to readoffthe setof Rn 0

Tut
R R 3rd

1 1111
pivotcoli

pivotvariables U W

free variables v y
Tofindgeneral ed for Rn

0 eg An o auign

arbitrary valuesto freevariables

So at 3 v y 0

wt y o

a 3 rt y
w y



Thecomplete set is a combination oftwo special

name Htt
Specialed's 31110,0 for ve 1 4 0

110 1 1 for V O y 1

All otherset are linear combinations ofthere two
This forms the nulllspace it setsofAn 0

Them If a matrix has more chums than mas mem

Theremustbe atheart n m freevariables
Since in rows can have at most in pivots

today If An O has more unknowns thaneg nm

then it has at least one special ed In particular there

are more setsthan the trivial eat

St b by bz bz to get

Un c where c bn b2 261 bz 262 5by
L lb fromprevious lecture



Recall An b can be solved iff b lies in CCA
camera 1 g a 4

triteof all Iz C
I 1
nopivots checkU

CCA is the plane generated byC andez
Equivalently it is also theplaneof all vectors bsatisfying

by 2bat561 0 se c lastcomponent

Every idk actually satisfies this lo it ieforced
on b

Choon b 1,5 5 e t.bz 262 561 0

Unc has set w l y
4 2 But y

when v4 y are
free variables

Completest a apt an

tittitt
in

Mp a particularsd ofAn b
obtainedfrom v 0,4 0



Sunny Let's lay elimination
reduces An b to

Un cand Road with 2 pivotssows and rpilotcom
The rankof those matrices isthen r
The lait m o rows of V R are 0 so there is a set

only if the lout m o entriesof cand d are also 0
The completesot is A Mp MIN a combinationof n 2I specialed's

all freevariablesset to 0 1
obtained by
settingonefue
variablequadtof

o


