
 

Finitesimitatin in more
the elimination process
There is actually a better descriptionfor rank

Take A

I in realitythere are only
they edems which are2Rn
independentofeachother
NOT all sows are independent

The hand countsthe no ofindependent sows in the matrix
Diff Suppose CivetCava t t Cnn O onlyhappens
when Cy Cz Cn O for scalars Ci Ci 1 2 i n

and vectors Vi i 1 2 i n Then the vectors Vi vz Vn
are said to be linealyindependent

If any Ci to then thevectors are limailydependent

eg In RB twovectors are independent if they do not
lie on the cane line
these vectors are lie on the

sameplane
what aboutfour vectors

when are the edit of A independent
When N A 40

The non Zero sons of anyechelonmatrix U are indep



ndp
If we pick the pivot colt they are also independent
Deff If a v S V eeneistsof all linear combinationsof
VnV2 Vu Then there vectors spent the space
I Say eve V is a combinationofthere Vi's

DefI A bait for a v s V is a set of vectors which
are linealyindependent and stanhope V

F The co ordinate vectors la la en span R
Is this a basisfor R

Question Is a ban's unique

ThinFor a vector ve V there is only one way to write

it as a combinationof the basis vectors

Poot Suppose there weretwo suchways

say ve a v t t anun and

V bevyt t burn where fun rn is a bevis

Then this immediately gives us can bar t Can barn 0
Andsince the harisvectors are independent so each ai bi 0

Ai bi K
A v s has infinitelymanydifferent hares

Eg Whenever A is invertible its cot are independent and

they are a bris for R



For a echelonmatrix say a
g

an easy
choicefr a baristathepivoting

DeffThe no ofelements in a bais of a v s is called the

dimensionof the v s

Thisdefthas actually allured the followingtheorem

Theorem's If Un vz Umand wa wa wa all both bales

for the same
V S V then n m

Proof If porrible let n m

We can write w annv t amnvm
Wz AzzVet t 9mzVm

Wn Aunt t 9mnVm

Thisgives me the system
W VA where N w wz w n

V V V2 Vin

A ai
i 1,2 im
Ja1Zi i n

A is oforder size mx n with u m

By our previous lecture we now know that An 0 has a

non Zero sett



VAn 0 Wn O n A combinationofthe ban's
elements giving us 0
CAcontradiction

If man just reverse the roleof VandW g

Corollary In a subspaceofdimension K no act of more
thank vectors can be independent and or can spanthe spice

Any linearly independent set in a v S V can beextended

to abarisbyadding more
vectors if necessary

A haris is a maid
Any sparringset in V can be reduced to abais by
discarding vectors if neemary
A haris is a midget
E Find a basisfor NCA and dim N A when

Sold By deft NCA is the sot set of An 0

Frm A by no reduction we obtain

Rf O O O O
in

pivotwits



Thegeneral ed for Rn 0 it R
Eg so is

then u t 6w Sy O

Jaw 3
2 y

a Gu sy
v Maw 3

2y

in

f f
T ToThe vectors v v2 span N A They are lineallyindep

So Baris Guy v2 dim N A 2 11

In general the dimension of N A is the no offree
parameter variables in the sot set of An 0

if dimNfa d n rank A

E Let A 1 2 3 4 8

41
2 o z s

Find a bars for CA and

2 Y 3 no q
dimCCA

3 6 0 6 9

81 Bydefn the colt space
ECA is the spanofthe

rel ofA Let A v v2 V3 Va Ve wi's are cot's

we can now we trial and error to find the largest



subset of conofA that are linearly independent
G First we check if rn vz is independent

if youthen check if Sri vz is ie indep
if not thendiscard v2andcheck if ve v

Continuedoing this until we exhaut all porribiliter
But there is a earis way all find the son reduced

echelonform R of A

q
I 11
independent by inspection

C
2 2Cy Cy 2C 2Cz

There relations also hold for A
CCA span rn v3 v5 and dim CA 3

Thisprocedure also works in general

The INCA is called the nudity of A

The rowspy ofA is e AT n spannedbythe mis f A
dim CAT rankCAD



I CA
The leftnutspace of A is N AT It contains all
vectors y s t ATy 0

The nullspree NCA and row spiceC AT are subspaces

of Rn
The lefthullYue NAT andcol spree CCA are

silsepereesofAM
A is an m x a matrix m coldand n sons

The rank of a matrix also lays something about
the inverses

Say we have an mxn matrix A
Then rank A I m rank A I n

If rank A m then a right inverseofA exist

If rank A n left

Only a eq matrix has both left right
inverses

Rank NullityThurem Let A he an mx n matrix The

following eghholds n rank A t nullity A

Poof A basis for eCA can be computed byfinding
v r e f R If r is the no ofleading ones in R then
2 rank A

Let d n o then the no free parameters in
the sot set of An O is d and so a ban's for NCA



contains d vector
Thus nullity A n o n rank A y

EI Find the rank wikiht of A L
SI a

2414
There are 2 3 leadingentries so rank A 3

nullity A n rank A 5 3 2.4

Thrift
Let A he an nx n matrix Thefollowing

ment are equivalent
the cot of A form a ban's forRW

ti eCal Rn
ai rank A n

NCA GO

C nullity A 0

Ci A is an invertible matrix

Proof Just review this lecture the previous lecture

o


